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PREFACE 


This book is written strictly accoraing to the syllabus pres- 
cribed by the Calcutta and Burdwan Universities for Pre- 
University and University Entrance Examinations. Many 
examples liave been worked out and important formulae have 
been given at the beginning for ready reference. In order to 
acquaint the students with the standard of examination some 
University questions of recent years have been given in the end. 
It is hoped that the book will meet the requirements of those for 
whom it is intended. 

The book has been thoroughly revised and many examples 
have been added in the exercises. Any error or omission 
brought to our notice or any suggestion for further improvement 
will be gratefully received. 


1929 


R. C. Ghose 
P. N. Baksi 




SYLLABUS 

(A) CO-QflDlNATE PLANE GEOMETRY 

Plane Cartesian co-ordinates, distance between two 
points, co-ordinates of the point dividing a finite straight 
line in a given ratio. Area of a triangle. 

Equation of a locus in rectangular Cartesian co-ordinates. 
Transfer of origin without rotation of axes. Equations of 
a straight line in different forms. Angle between two 
straight lines, conditions for parallelism and perpendicula- 
rity. Perpendicular distance of a point from a given line. 
Equations of the angle bisectors between two lines. 
Equation of a circle. Intersection of a straight line and a 
circle. Condition of tangency. Equation of the tangent 
and normal at a point. 

Definition of a conic with reference to focus and 
directrix ; a parabola, an ellipse and a hyperbola. Deduction, 
from difination. of the equations of the above loci referred 
to the directrix and the perpendicular from the focus upon 
the directryc as axes. Reduction of these equations to their 
standard forms. Intersection of a straight line with any of 
the above loci ; condition for tangeney. Equation of tangent 
and normal at a point for each of the above loc'. Deduction 
of simple properties of the above loci. 


(B) SOLID GEOMETRY 

Definitions — Parallel and skew straight lines. Angle 
between two straight lines and between two planes, 
parallelism and perpendicularity. Angle between a plane 
and a straight line, their parallelism and perpendicularity. 
Projection of a line on a plane. 



• C ii ] 

Axioms — (i) One and only one plane passes through a 
given line and a given point outside it/ (ii) If two planes 
have one point in common, they have at least a second 
I)oint in common. 

Theorems— (i) Two intersecting plates cut one another 
in a straight line and in no points outside it. (ii) If 
straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, it is perpendi 
cular to the plane in which they lie. (iii) All straight lines 
drawn perpendicular to a given straight line at a given point 
on it are coplanar. (iv) If of two parallel straight lines 
one is perpendicular to a plane, the other is also perpendi 
^ular to it. (v) If a straight line is perpendicular to a plane, 
then every plane passing through it is also perpendicular 
to that plane. 

Idea of the following regular solids : Sphere, rectan- 
gular parallelopiped, regular tetrahedron, right prism, right 
circular cylinder and a right cone. Expressions (without 
proof) for the surfaces and volumes of the above solids. 
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IMPORTANT FORMULAE AND RESULTS 

1. Distance between {xt, Vt) and {x^. Vs) 

= 7(fi-«a>®+(yi - Va)^- 

2. The point dividing the line joining (aJi, j/i) and {x^, j/g) 
in the ratio ol m : n is 

( mXj+nxi myi+nyi \ 

m+w ’ m+n I ’ 

3. The area of the triangle with vertices (aJi, j/j), (a:,, y*) 
and {xa, y s) 

^ =i(®iy2 -®aj/i+®2y8 ~®ay2+®32/i -*!?/,) 

=H®i(y2 - ys)+®2(ys - yi)+®s (vi -ya)}. 

Three points {xi, iji), («*, Vi) and (xg, 7/3) arc colUnear 

?/ ®i(y* - y3)+®2 (ys - yi)+®s ivi - ya)=o 

% 

4. The equation of a straight line 

(i) parallel to the 2/-axis is 0; = /. 

(ii) parallel to the a?-axis is y — k. 

(iii) m aking intercepts a and h on t he axes is 

a 0 

(iv) making an angle 6 with the aj-axis and cutting off 
intercept c from the i/-axis «is ?/=7»a;+r, where 
= taji^O. _ 

(v) in normal form is x cos sin 

(vi) of gradient vi and through a given point (a;i, ?/i) is 
V-y\=m ix-Xx). 

through two given pts. {xi, iji) and (rta, j/a) is 
y-yi=^^^^ (®-®i). 

Xq-Xi 

(viii) in the symmetrical form is 
sin 6 cos d 


5. The angle betxveeJn the lineV 

(i) y — miX+Cx and y — m^x+c^ is tan’^ ^ 

1 +miWa 

(ii) aia‘+/;ii/+Ci = 0 and aj^+is^Z+Ca^O is 

Cl ^(i 2 “1“ ^ 1 2 

' 6 . The lines 

(i) y = viiX+(\ andy=m 2 ®+C 2 arc parillol, 
if ?/ii = 77 ?. 2 f and iierpendicular, if m^m 2 = - 1 . 

(ii) aiaJ+i>i!/+Ci =0 and aaa; + 27at/+^^2=0 are parallel, 

if =(^^, and perpendicular, if aiao+ii 62 = 0 . 

1 2 bn 

^ Equation of a line through the intersection of the lines 
aia;+ 6 ii/+Ci = 0 and a 2 «+ 62 ]/+C 2=0 is 

o>iX+hiy+Ci + k{a2X+l2y-\‘C2)=0* 

0 

8 . Length of a perpendicular from (xi, z/i) on 
«^4-tj,+c=0 is 

Va*+ 6 ‘ 

9. The equations of the bisectors of the angles between the 
lines aia;+bii/+Ci = 0 and aa«+/^alZ+Ca =0 are 

(iiX + b^y+Ci ^ ^aag+ ^ay+ga 

" Jai + h^ 

For transformation of equations with respect to parallel 
xes through {h, i,), put z = x+h, y=y'+k, 

11. The equation of a circle with centre {h, k) and radius 
ii» 

{x-hy+{y^k)^ = r\ 

12. The general equation of a circle is a:*+j/”+2flfa;+2/y+c 

= 0 , whose centre is ( - -/) and radius is 



IS, •The equation of a. parabola with vjertex as* origin and the- * 
.Ti-aYifi as RTis nf the 

2/® = 4aa?, 

where a is the distance of the focus from the vertex. 


14, The equations ti an ellipse and a hyperbola, with the 
axes of co-ordinates as the principal axes are respectively 


X 

a 


2 

2 


+ ^a=l and 



1 . 


The equation of a tangent at (xiyVi) is obtained by 
putting xxi for a®, yyi for t/®, x+Xi for 2x, y+Vi for 2y in the 


'"^nation of the curve. 


The equation of the normal at (a:i, i/i) 
to the circle x^+y^^a^ is xy^ - yxi^O ; 


to the parabola =iax is 2/-//1 

% 


— 'x-x.) ■ 

2a' 


to the ellipse 


-4- 




1, is 


y - a?t __ y^l h 


and 


to the hyperbola 1 is ^ 

a“ 6 “ Xiitt" 


y-Vi ^ 


16. The^equation to the normal to the parabola 
y^=iax in terms of the gradient Is 
y^mx - 2avi - avi^ with its foot\at {am^, - 2am). 


' The slope equation of the tangent to 

(а) the circle y*+y’** =a^ is ?/=77ty ± av'l + 7a® 

(б) the parabola *=4aa5 is y=mx+ . 

Vu 


(c) the ellipse =1 is y=vix± Ja^m^+b* 

(I 0 

2 2 

id) the hyperbola ^ = 1 is y=mx± y/a*m' ~ b* 
a ^ 



18. Length of the tangent from (as' y*) on a circle 
2gx+2/v+c«0 is N/*'»+y'*+2g®'+2/j/'-j-c. 

Area of triangle=X base x altitude. 

= "/sis - a) (s - b) (s -I) 

where 2s=ft+f>+c (<». f** c being the three sides) 
Circumference of cirAe of radius ?'=2jtr 
Area „ „ 


Solid figures 


Solid 

1 

Volume j 

Area of surface 

Eectangular 

parallelepiped 

ahe 1 

i 

2(a?; + tc4-crt) 

(Right) Prism 

area of 
base X height 

^Lateral surface=perimeter of 

base X height 

Total surfacc= Lateral surface 
+area of the two end faces. 

Right 

Pyramid 

^ area of 

base X height' 

1 

I 

1 

1 

Lateral surface=sum of areas 

of the triangular faces 
~ i perimeter of base x 
^slant height. 

Total surface 

-lateral surfaced- base area 

Sphere 

s i 

l-Tr* 

Right Circular 
Cylinder 

:xr^h j 

i 

Curved surface ==2.Tr/i. 

Total surface=2^r/t+2:Tr^ 

Right Circular 
Cone 

I 

Curved surface 

Total Rurfaco=:rrv 



PRE-UNIVERSITY 


CO-ORDINATE & SOUD GEOMETRY 

CO-OHE)INATE GEOMETRY 

CHAPTEB I 


I-l. Co-ordinates. 

The location of a point in a plane can be ascertained by 
its distances from two lines of reference. 

Let X'OX and YOY' be two fixed straight lines in the 
plane of paper. The line X'OX is called the x-axis and 


Y 



Fig. 1 


line YOY' is called y-axis and two lines together are called 
the axes of reference. 

The point 0 is called the origin of the co-ordinates 
or more shortly the origin. From the point P, draw PM 
parallel to the y-axis to meet the x-axis in M. The distance 
OAl is called the abscissa and the distance MP, the ordinate 
of the point P, whilst the abscissa and the ordinate together 
are called its co-ordinates. If two lines OX, OY are at 
right angles, the axes OX, OY are called rectangular axes 
and its co-ordinates are called the rectangular Cartisian 
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GO-<»a>iiiAfS wmaxur 


system of coKMrdiiuitwi« lines measored lo the direction OX 
ere positive whilst those parallel to OX* are negative. Lines 
measured parallel to O Y are positive whilst those parallel 
to OY' are negative. If the point P is in\he quadrant 
XOY, co-ordinate (abscissa) is positive and )^co-*ordinate 
(ordinate) is positive. If the point Pj is in the quadrant 
X'OY, x-cQ-ordinate js negative and y-co-ordmate is 
positive. 

If the point Pg is in the quadrant X'OY^ both x and y 
co-ordinates are negative. If the point Pg is in the quadrant 
XOY', x-co-ordinate is positive while the 3’“co-ordinate is 
negative. The co-ordinates of a point are written thus 
(*if yi). (1* 2), (-1, 3) etc. 

1-2. The distance between two points whose co- 
ordinates are given. 

Let Pt and Pg be two givey points and let (xi, j>i) and 
(•* 2 * ys) ^ co-ordinates of two points. 



Let PxAfi, PgMg be perpendiculars from Pi and Pg 
upon the line OX, then PtMi’^yj, Oilfi*»Xj, OMg«»Xg 
and PaMg*^yt. Draw PgP parallel to OX. , 

Then PjX^ddgAfi^OAdj^O^dg^Xi—xg 

and PjjRwPiM, — P*Afg»»yi— yg 





3 


la APxRPit is a right loigle 

/. PxPimp^R^^^R* - 

- (*i - xt )* +(yi - y*)* 

.*. In rectangular co-ordinate the distance between two 

-ya)® 

Cor. The distance of a point from the origin 

1-3. To find the co-ordinates of a point which divide 
a line joining 2 points (*i, Vi) (« 3 » Ve) i® “tio m : n. 



Let Pi be the point (*i, yi). Pa the point (xa, ya) and 
let P be the required point (*, y) so that, we have 

PPa n 

Draw PiAli, P^M^ be perpendiculars from two points 
Pi, Pa upon x>azis 

Then PiAfi^yj, 

PaMa“ya» OiVfa = *a 

Draw PiPi and PPa parallel to x-azis meeting PM, 
PgMf in Ri and Pa> 


i 


cKii‘OiiaxMn;«aH^^ 





J*§Rg •'PjAf f PAf *yj| “• y. 


Since dte trian^es PgPiRg and PPiRt iu% aimilai 


. y-yi -wt 

ya-y " 

or, ny - ny 1 = my# - my 


or, my+ny=>nyi+»nv2 


. y , ny^+my, 
•• m+n 


Similarly from the same two similar triangles 

P|Ri _ PiP _m 
PRa PP, n 

or - ~ - ^i a- or. njc-njfi =mACa-»ix 
x^—x « 

or, MX+m4c=*nxi+»»X2 

nxi+m^a 

•• ~^+n 

Cor. 1. If the point Q divides the line P 1 P 3 . externally 
in the same ratio so that P\Q : QPa - m i : »» j the co-ordinate 
of Q Vfotdd be found to be 

OTiXg-ffl aJ^i miy^ -m tyi 
tnj‘^ifi2 * w?i — WI 2 


Cor. 2. The co-ordinates of the middle point of the line 
fmning (xj, yi) to (x„ y#) are 


*i±£a. 

2 ' 


y^±yt 

2 



OBJOraBB I 


1tuske4 olBtciipCEtiisi 

and Ati pUft lta|^ a la w idliw^ kinhe 

dktto^ " 

sides. Draw At perpendi- 
cular to fiC at^ ^CN per- 
pendicular to AD produced, 
then AL>=CN^h. 

Area of the trapezium 

•■area of AABC+area of AACD 
* J BC . AL+i AD . CN 
-i aA+i 6fc- J {a+b)h 

1-5. To find area of a triangle the co-ordinates of whose 
angular points are given. 

Let ABC be the triangle and let the co-ordinates of the 

vertices A, B, C be respectively (x^, yj) (x^, 3 ^ 2 ) (*s» Vs)* 

% 

c 



Draw AL, BM, CN perpendiculars upon x-axis. 

The area of triangle ABC “area of the trapezium ALNC 
+area of the trapezium CNMB—oiea of the trapezium 
ALMB^iLN (AL+CN)+ i NM(BM+CN) 

-^LM(AL+BM) 

{(*8-*i) (yi+y*)+(*»”*s) (ya+ys) 

~i (*9“*i) (yi+yt)l 
•4 K^fiyg -*9yi)+(*9y8-«8y9)+(*iy8“*9yi)t 



Oor, 1. The 'etee of tnas^ can be put in the deter* 
minAttt notation 

-i *1 yi 1 
Va 1 
*s ys 1 

Cor. 2. The area of the triangle whose vertices are 

(0, 0) (jcays) w i (*iy9-*«yi) 

N. B. If we take tile arrangement of vertices in counter 
clockwise order, the formula for expression of the area of 
the triangle in cyclic clockwise order of suffices 1, 2, 3 as in 
article 1-5. But if we take the arrangement of the vertices 
in cyclic anti-clockwise order of the suffices and the area 

“iK^syi - *iys)+(*8y2 - JCaysl+C^syi - ^lya)! 

1-6. To find the area of a quadrilateral the co-ordin<aes 
of whose cmguiar points are given. 

Let the angular points of the quadrilateral be A, B, C, D 
whose co-ordinates arc (iti, Vi) y^) (jca, ya) and y*). 


o 



0| C P H M 

Fig. 6 

Draw AL, BM, CN, DP perpendiculars on OX. 

The area of quadrilateral 

■■trapezium ALPD*k trapezium DLNC 

+ trapezium CNAIB- trapezium ABML 
(yi+y*)+(*8~*4) (ya+yO 
+(z9“^3) (ya‘ky8)“(*a “*i) (ys'f’yi)^ 

“iK^iyi — *9yi)+{*2y8”*8ya)+(*8y4 “•*4y8) 

+(*4yi -*iy4)} 


tmAimat I 

Ex. 1 Find the c»-ordi> 
nates of the centroid of a 
triangle whose vertices ate 

1^1. yi), Us. ya)t {^3,ya)- . 

Hence prove that 3 medi- 
ans of the triangle are con- 
current. 

Let A (ATiyi), B UsJ»2). 

C {x^y^) be vertices of the triangle. Let D be middle point 
of side BC. 

Then the co-ordinates of D ate 

( Xq + Xs 3>2+y3 \ 

\ 2 ’ 2 / 

The centroid G divides AD in the ratio 2 : 1. 

Hence the co-ordinates pf G are 

2x*a^+2;i 2x2^a^+yi 

2+1 ' 2+1 
xq+x^+x^ y2+ys+yi 
3 ’ 3 

The symmetry of this coordinates shows that if we take 
other medtans S£, CF and divide them in the ratio 2 : 1, 
then wc get the same co-ordinates. So that the point of 
trisection of each median is the same and hence 3 medians 
meet at a point called centroid 

Ex. 2. If Uiy,). UaVs). Us^s). (*4^4) be angular 
points of a parallelogram, then Xi+X3 = Xa+X4 and yi+ys 
=y3+y4- 

Denote the angular points 
by A, B, C, D. Since diagonals 
of a parallelogram bisect each 
other, the middle point of 
the diagonal AC is the same 
point as the middle point of 
the diagonal BD. 



A 



Fig. 8 



CO-OBDINATB OBOMBTBY 


Now co-ordinates of the middle point of AC are 
yi+ys j 

Also the co-ordinates of the middle point of BD are 
^ y«+y4 | ^ 

. £l±*3a^l^b*4 and yi+y 8 - y 2 + y 4 

- 2 2 2 ^ 2 

Hence x^+Xf*=Xa+x^ i Vi+ys—ya+y^- 

Ex. 3. Show that the three points (4, 2), (7, 5), (9, 7) 
lie on a straight line. 

The area of the triangle formed by these 3 points 
[(4.5-2.7)+(7.7 -9.5)+(9.2-7.4)] 

-i [6+4-10]=0. 

Since the area of the triangle formed by the three points 
is zero, the three points are on a right line. 

Ex. 4. In any triangle ABC, prove that 

AB* + AC* *»2(AD®+ BD®) where D is the middle 
point of BC. 

Let (0, 0), (^ 2 ^ 2 ) ^1^® points B, A, C. 

Then D, the middle point of BC has co-ordinates 

AB*»(0-xi)*+(0-yi)®=*i»+y/* 

AC*«Ui-X8)*+(y,-ya)*»x,*+yi*-Hx2®+ys® 

-2xiXa-2yiya 

AB*+AC*««2 ix^+y^]+x^+y^^2xiXa-2yiya 

- *1* +y i* +K«t* +yi) -xixa-yty» 


Bt>* -(o-^)*+(o-^)*»KV+y«?) 



CBAPanSR 1 
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AD“ + BD* •* *1® + yi® + +ya*) “ «i*a “ y i^a 
2(AD® + BD*) = 2[;c * + y i®] + «a® + y a* ~ 2« 1 X 2 - 2y i y 2 
.*. ABVAC»«2(AD»+BD“) 

Ex. 5. Show t]|at the area of the quadrilateral whose 
angular points taken in order are (a, 0), ( - &, 0), (0, a), 
(0, —b) is zero. Give the justificatwn of this result. 

Denote the points by ABCD. Area of the quadrilateral 
• 0-0(-fc)l+(-b. a -0. 0) 

+(0. —b — a . 0)+{0 . 0 — ( — b)aJ3* 



Pig. 9 ’ 

Now, the figure enclosed by these 4 points encloses 
2 triangles OBC and ODA. Since th^ arrangement of vertices 
of A OBC is in clockwise-direction while the arrangement 
of vertices of A ODA is in anti-clockwise direction. 
Also magnitude of A OBC and that of A ODA are equal 
in magnitude i=*iab). The algebraic sum of areas of 
2 triangles is zero. 

Exereises 1 

1. Find the distances between these following points ; 

(0 (-8, -2) and (-6.7) (ii) ( 0 .O) and (0,6) 

(iii) (a^i‘, 2afx) and (aft*, 2afa). 

2. Find the value of Xx, if the distance between the points 
Ucx, 2) and (3, 4) be 8. 



.10 


0(M>B1>IKA7B OXOUBTOT 


8. ShoTT 1(hat (he ppiato (Sa* i«)» (Be, 6«), (2a+ V5o/ 6a) «n 
the esgnlar points of a eqnilateral triao^e. 

i. Prove that the points (2, - 2)(8, 4) (5, 7) and ( - 1, 1) are 
angnlar points of a leotan^e. o 

6. Prove that the straight line joining the middle points of 
two adjacent sides is parallel to the third si^e. 

6. Prove that the point (1. 2) is the centroid of the trian^ 
formed by (O, O), (1, 2), (2f 4) 

7. Prove that the condition that three points (<a^*) 

and (<(s^s) are ooUinear of 

8. ^nd co-ordinates of a point which divides the joining of 
pmnts (1, 3) and (2, 7) in the ratio 3 : 4. 

9. Prove that the following sets of 3 points are collinear : 

(i) (-4. 4), (2,0) and (5,-2) 

(ii) (1.4), -(3. -2) and (-3. 16) 

(iii) (a, b+c), (b, c-ho) and (c, a+b) 

10. Find the area of trian^e formed by following sets 
of points : 

(i) (0,4), (3, 6) and (-8. 2) 

(ii) (a, c+a) (a, c)( - o, c - a) 

(iii) (aft*, 2afi)(2afg*, 2att)(at/, Saf,) 

11. Find the area of the quadrilateral formed by the 
following sets of points : 

(i) (1. l)(3.4).(5.-2)and(4,-7) 

(ii) ( - 1, 6X - 3. - 9)(5. - 8) and (8, 9) 

12. The co-ordinates of A, B, C are (6, 3)( - 3, 5) and (4, - 2) 
respectively and p is the point {x, y) 

Sho, «..» W-0.! 

18. Provo that the figure formed by joining (2, 4 )(4, 6), (8, 10) 
and (6, 8) in order is a parallelogram. 

14. Find the co-ordinates of centre of the circle oirooms- 
eribing the triangle whose vwtices are (1, 1)(2, 3) and ( — 2, 2) 

18, Prove that the lines joining the middle points of opposite 
rid es of a quadrilateral and the line joining the middle points of 
Its diagonals meet at a point and bisect one another. [0. IJ.] 



OHAPTBB II. 


II-l. When a point moves so as to satisfy a given 
condition or ponditioi^, the path, it traces out is called 
the locus uiftler the conditions. If the co-ordinates of the 
variable point P {$, y), satisfying the given condition or 
conditions, satisfy an equation, the equation is said to be 
the equation of the locus. For example, if the variable 
point P moves in such a manner that its distance from a 
fixed point (a, &) is always equal to r then (x — a)®+(y- 
»=»r®. The relation between the co-ordinates of the variable 
point is the equation of the locus. 


Illustrative Examples 

Ex. 1. Find the locus of a point which moves so that 
its distance from the axis of y is double its distance from 
the point (2, 2). ' [ C. U. ] 


Let P (Xf y) be the variable 
point, so that its distance from 
y-axis^x 

The distance of point P from 
the point (2, 2) 


M (x,y) 

(*.») 


• “ V(A:-2)®+(y-2)® 

X = 2 V(;c-2)®+(y-2)®* 10 

x®»4 [(*-2)®+(y-2)®] 

X* -4x® - 16x+ 16+ 4y® - 16y +8 


Ex. 2. Find the equation of the perpendicular bisector 
of the join of the points (2, 4) (6, 12). 

Let P (x, y) be a variable point of the perpendicular 
bisectors of A (2, 4) ; fi (6^ — 2) ^ 

Then P is equidistant from A and B 

Now PA*»(x-2)®+(y-4)» 

PB»-(x-6)*+(y+2)® 



IS 


OO-OBDINASa OaOlOITBT 


The required equation is 
(r -2)»+(y - 4)* -(*-6)* -^y+Z)* 
or, -4x+4-8y+16--12*+4y+36+4, 
or, 8* — 12y— 20'“0 
or, 4x— 3y— 5“0 


0 

ExereiseB 2 

1. Find the equation o£ the locus of a point which moves 
BO that. 

(«) Its distance from y^ds is less than its distance from 
x»azis by 2. 

(it) Its distance from a:-axi8Bits distance from y-axis. 

(tit) Its stance from the origin is equal to its distance from 
the point (a, h). 

(ie) The sum of the squares of its distances from (1, 0) and 
(0. 1) is always equal to 10. 

(e) The sum of its distances from two straight lines at right 
angle is equal to a. 



,OHAPTEB III 
THE STRAIGHT LINE 

III-l. Any equ^ibn of first degree in x and y represents 
a straight line which can satisfy any two given conditions. 
The most general form of the first degree equation is 
ax+6y+c=»0 of which a, &, c ar# constants and two of 
these are effective constants because we can divide the 
equation by c and the equation can take up the form 
2n+my=l. Hence these are two arbitary constants in the 
equation and the form of the equation is definite when 
the straight line satisfies 2 specified conditions. ' 

111-2. The equation of straight lines parallel to x-axis 
can be put in the form for y-co-ordinates of all points 
of such straight''line are equal to \i. Similarly, the equation 
of straight line parallel to y-axis can be put in the form 
x=/ for the distances of all pdints on the line from y-axis 
are equal to 1. 

In particular y=0 is the equation of x-axis 
and x=0 is the equation of y*axi?, 

III-3. Intercept form of th^ equation of the straight 
line. 



Let AB be the straight line whose intercepts on x-azis 
and y-axis are given to be of lengths a and b. 
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Let P {x, y) be a variable point on the line and let PN 
be drawn perpendicular from P on xttda. 

So that ON*^Xt PN^y 

Now A* AOBt ANP are similax^ 

PN AN 


OB O A 

f* 


or, f 


a 


or. 


baa 
a b 


N. B. Intercepts on j^-axis are considered to be negative 
when the straight line cuts x-axis on the left side of O 
i.e., the line OX'. The intercepts on v-axis are considered 
to be negative when the straight line cuts the y-axis on 
the downwards of O i.e., the line OY'. 

We can reduce the equation of any straight line in the 
intercept form e. g. ax+by+C’^O can be put in the form 

-^+-y -1 

-c — c 
a b 

showing the intercepts on x-axis and >-axis are 

_ c c 
a ’ 'b 

The equation Sx~4y — 12a*0 can be put in the form 

JC V 

showing that the intercepts on axes arc 4 and —3. 


Gradient of a straight line and the gradient 

form. 

The gradient of a straight line means the increase of the 
ordinate per unit length of abscissa of the moving point 
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Let P|, Ps, Pi be moving points on a straight line AP 
Let PiN, PaM, PfL be perpendiculars from Pi, Pj, Pg 
upon X-axis. 


Ps'K— increase of ordinate as the point moves from 
Pi to Pa 

^2^=the gradient of the line == 
x'lA. GM 

* tan-6, when 6 is angle, 

which the straight line makes with x-axis m generally 
denotes the value of gradient of the line AB=> tan 9 

II1-5. To find the equation of the straight line which makes 
an angle 6 with x~axis and makes intercept c on y-axis. 



Let P (x, y) be a moving point on the straight line. 
Draw PN perpendicular to x-axisk 


' i 
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Now ON CK"*x 
PKmPN-’OC 

«y-C 

Now ^-tan PCK 
"tan 0 

X 

or, y-c—xtan© 
giving ys=jc tan e+c 

We denote tan dam— gradient of the straight line. 
Hence the equation of straight line in the gradient form is 
yamx+c. 

Cor. 1. If the straight line passes through origin, 
cathe intercept on y-axisaQ 

The equation becomes y=^mx 

III-6. To find the equation to the straight line of given 
gradient m and passing through the given point (xj, yj). 

Let the equation of the straight line be y=mx+c. (1) 

Since the straight line piasses through x,yx 

yi^mxi+c (II) 

Subtracting (II) from (I) 
y-yjam (x-Xi) 

I1I-7. To find the equation to the straight line which 
passes through two given points (xiy^) and {x^y^)- 

Let the equation to the straight line be 

yamx+c (1) 

As the straight’ line passes through Xiyi 

y,am*i+c (2) 

Also as the straight line passes through x^y, 

ysam*a+c (3) 
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Subtracting (2) from (1) y-yi —m (x-xi) (4) 

.» (2) M •(S) ya-yi-m(*s-jfi) 

. ... m-acilll 

Xs-Xi 

Putting the value m in the equation (4) we get ' the 
equation to the line 

111-8. ' To find the equation to the straight line in terms 
of the perpendicular drawn from origin upon the straight 
line and the angle which this perpendicular makes with the 
axis of X 

Let the equation of the 
straight line be 

(I) 


a b 


where a = intercept on 

x-axis = OA 
and intercept on 

5^-axis = OB 



Fig. 14 


Let ON "length of perpendicular from O upon the 
straight line « p and Z AON « < 

Now 7 ^=cos «c /• OA= ^ 

OA 


cos,< 


a=' 
cos < 


-^^"cos BON=»cos (90-“<)=asin < 


OB^ 


sin K 


or, ■ 

sm < 

,v From(I) 

P P 
cos < siu «€ 

X cos < _|. y sin 
P P 


2 
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A The equation to the straight line is 
X cos <+y sin 

III-9. The symmetrical form of the equation to the 
straight line passing through a given p<^t 

Let 6 be slope of the line passing through (xiyt) 

Let the equation to^the line be y»m*+c (1) 

As it passes through yi “WiXi +c (2) 

Subtracting (2) from (1) y-yi«*»n (3) 

Now m“tan 

cos 

from (3) 
sin d cos 6 

where r is the distance of any point (x, y) from the fixed 

w 

point (xj yi) 

III-IO. Trace the following straight lines 

(I) 2x-3y = 6 

« . -v 1 2 jc 3v f 
Converting this equation thus ^ - 1 



This form shows that 
intercept on x-axis is 3 and 
the intercept on yaxis* —2 o 

or, we can reduce this ~*j- 

equation thus 

— 3y™ -2x+6 Fig. 16 

2 « 
or, y=*| x-2 

Showing that the intercept on yaxis is— 2 and the gradi- 
ent of the straight line is f . 
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(II) 8jt+7y+28*0 
Reducing the equal. 


AVIA AAA kUC XUIUJ 


-28^^ -28 ^ 


or. 


Tj — y + “ 1 showing that intercepts on axes are — — 4. 

"5 

Also we can reduce the equation in m>form 

7yss _8jf_28 

— ® :c'-4 

Showing that the gradient of the line — ® and intercept on 
^;-axis —4. 


ILLUSTRATIVE EXAMPLES 

\ 

Ex. 1. Find the equation to the straight line which 
passes through (5, 3) and cut off equal positive intercepts 
from the axes. 

Let the equation to the straight line having equal 

positive intercepts a on axes be - + 

a a 

As the straight line passes through (5, 3) 

^+-"1 or, giving a = 3 

a a a , 

The equation to the straight line is A;+y=»8. 

Ex. 2. Find the equation to the straight line which 
passes through the given point (x', y') and is such that the 
given point bisects the part intercepted between the axes. 

Let the equation to the straight line be and it 

a 0 

cuts axes in points (a, o) and (o, b). 

The middle point of join of two points (a, o) and (o, b) is 

(2 ’ I) ^ ^ i giving a=.2x' and fc««2y' 
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Hence the equadon to the line becomes 
2xf-2j^ 

Ex. 3. Verify that three points (1, 5f, 0, 14) and 
(—1^ —4) are coUinear. Also find the l^ie of collinearity. 

[C. U. 1957] 

Equation to the line joining (1, 5), (3^ 14) is 

(«-i) 

or, 2(j/-5)=9(*-l) 
or, 9x-‘2j»4-l=0 
K we put — 1, y= —4 

-9-2(-4)+ls0 

.t The equation to the line is satisfied by co-ordinates 
of the point ( — 1, — 4) 

Three points (1, 5) (3, 14) ( — 1, — 14) are collinear 
and the equation to the line is 9x — 2y+l»0 

Ex. 4 Show that the distance of the point (are, Vo) from 
the line ax+by+cimO measured parallel to a line making 
angle 6 with x-axis is 

_ axo+hy°+c 

a cos 0+ b sin 0 , 

Let the equation to the straight line through (xo y©) 
making angle 0 with x-axis be 

— ~mmr where r is distance of any 
cos 0 sin d 

point (x, y) from Xq Vo 
x*»Xo+r cos 6. y*»yo+r sin 0 
If the point (x, y) be on the given straight line 
ax+by+c^O, we have 

cos 0)+frO'o+r sin 0)+c»O 
ria cos 0+b sin 0)«» -(axo + byo+c) 

_ ax.+byo-^c 
a cos 0+b sin 0 * 
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%xerei«e8 8 (A) 

1. I^nd the equations to the straight lioee passing through 
the following ^irs of points 

(a) (3, 4) and (|, 6) {&) (O, - o) and (6, 0) 

(c) (ati*, 2ati) (a4/, +2ata) (d) (-1,3) and (4, -2) 

2. Find the equation to the straight line cutting off an inter* 
cept - 5 from the axis of y and being Equally indined to the axes. 

3. Find the equation to the straight line cutting off an 
intercept 2 from negative direction of y and inclined at 30° 
with OX, 

4. Find the equation to the straight line which passes 
through the point ( - 5, 4) and is such that the portion of it 
between the axes is divided by the point in the ratio 1 ; 2. 

6. Find the equation to the straight line which passes 
through the point ( - 4, 3) and is such that the portion of it 
between the axes is divided by the point in the ratio 5 : 3. 

6. Find the equation to thp sides of the triangles, the co- 
ordinates of whose angular points are respectively 

(i) (1, 4) (2, -3) and (-1. -2) 

(ii) (0, 1) (2, 0) and (-1,-2) 

7. Find the equation to the diagonals of the rectangle the 
equations of whose sides are «sa', y=b and y™b'. 

8. If the points (o, b), (o', b’), (o - o', b- b') are cdlinear 
show that their join passes through the origin and that ab^^a^b, 

[C. XJ]. 

9. Find the equation to the straight line passing through 
the point (1, 2) and the middle point of the join of (3, - 4) 
and (5, - 6). 

10. A straight line passes through the point ( - 2, 3) and 
has a g^ient |, find its equation. Find also the intercepts cut 
off by the line from the axes. 

11. Beduce the following equations to the perpendicular 
form and hence find the length of perpendicular from the origin 
(») «+l/+2«a0 (ii) jB+VSy+lloO. 

12. find the equation to the straight line which is inclined 
to an angle 46° to the axis of « and bisects the join of the points 
(4, 7) and (6, 6). 
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III-ll. Angle between two strai^t lines, 
(i) Let the equations to the lines be 


y"miA;+Ci“*(l) and 
y^maX+C2'-(2) 
and let 6 be angle between 
the two straight lines PA, PB. 

Let @1 and 63 be the 
angles which the straight 
lines AP, BP make with 
x-axis. 

Then tan0i = mi 
and tan da ■■m 
Now from A APB, 01=0+02 



Pig. 16 


0 = 01-02 • 
tan 0=tan (0i — 02)= 


tan 01 — tan 02 
1+tan 01 tan 02 


_ mi — ffl 2 
l+mima 


(ii) If the equations to the lines be , 

aiX+bxy+^Ci = 0 

a^x+h^y+c^ <■ 0, we can write these equations 
in gradient or nt-^orm thus, 

-P 

Ol ffli 

and y -p x-^^ 

0^ 


Thus we have mi - P , -P 

bi 6 a 

where mj and m, are the respective gradient of the 
twa lines. 
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Hence tan 0 =:^^ — — 




• l+mimj 




... tan 

^*1^2 + 0163 

(iii) If the equations of the lines are given in the form 
X cos <i+y sin 

X cos <2 + ^ sin <2“P2 

where “ti, <2 are the angles which the perpendiculars 
from the origin make with x-axis. 

Here clearly 0=<i — <2 or 180 — (<i “ <2) 


111-12. The condition of parallelism and perpendicularity 
of two lines. * 

(i) If the lines arc parallel, 0i = 02 
... tan 01 = tan 02 

mi =m2 

and 

61 6a 


LI 

giving = = f , say so that aa^aift and 

Ha Oa K 

Thus the equation of two parallel lines aiX+6iy+Ci=0 
and a 2 X+b 2 y+C 2=0 can be put in the forms 
ai»+6iy+Ci=0 and a^x+bty+c^^BO 
i. c., aifex+6ifey+Ca=0 

or, aiJi:+biy+Ci = 0 and Oi*+biy+^=0 


Two equations to the parallel straight lines differ 
by constant terms. 
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(ii) If the straight lines are penfendicular, then daa90 

. ^ tan 90®*» oe 

1 +mims ^ 

A l+mima =»0 giving mitn^ — - 1 

giving aiOa+bibi^O. 

Hence, to obtain the equation of a straight line perpendi- 
cular to a given straight line« either interchange the co- 
efScients of x and 3 ; or make their coefficients reciprocal 
and then change the sign of either. The resulting equation 
represents a line perpendicular to the given one. 

Thus aj®+ 6 iy+CisaO 

biX-aj,y+Cu=0 or, — -^+C 2<«0 

are the equations to two perpendicular lines for 
ai 6 i- 6 iOi *0 or,' Oi . " + 

fli ' bj 

Ex. Find equations to lines (i) parallel to 3x+5y+7=0 
and (ii) perpendicular to 3A;-b5y+7=»0. 

The equations of straight lines parallel to 3 ®+ 53 ;+ 7 =* 0 - 
can be written by changing the constant term 3*+5y+]5f=0. 

The equations of straight lines perpendicular to 
3 A 5 -l- 5 y+ 7"0 can be written by the former rule thus 

5x-3y+k=0. 

III-13. Point of intersection of two straight lines 

Let the equations to two straight lines 

aiX+biy+Cim,0 

a2*+i>s3>+C2“0 
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Since the point of intersection of two straight lines is 
the point common to 2* straight lines and let it be (<, 
so that the cA-oidinates (<, P) must satisfy these equations 

Jl+Ci “0 ••• ••• (l) 

••• ••• (2) 

/. By rule of cross multiplication 
< _ g _ 1 

biCg^b^Ci Ci(Xf)~CQOj 

giving <=± 43 - Ml ., . 

UlUQ'^ClQb 

N. B. If ajba — aa^i^sO, co-ordinates of points of inter- 
section become infinite and in this case, two straight lines 
intersect at a pqint lying at infinite distance. 

In this case, two straight Imes are parallel because parallel 
straight lines meet at infinity. 

ai6s — aa&i^O gives 

— = ^ which is the condition that two lines are 
. parallel. 

ni-14. Condition of concurrence of three given straight 
lines 

«i*+l»iy+Ci=0 (1) N 

<l2* + &23' + C2»0 (2) 

^a^+^'sy+Cs—O (3) 

The co-ordinates of the point of intersection of lines (1) 
and (2) is given by III-ll 

bjCg ba^i C|<ta — C2<it 

If three lines meet at a point, this point must lie on line 
(3) and this co-ordinates of the point of intersection of lines 
(1) and (2) must satisfy (3) 
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Hcncc 

<*8(iiC2-*6iCi)+68(ciO3-Caai)+C3(aifta~<*3&i)*0 
This condition can be expressed in ^e determinant form 



6i 



62 

Cq 

<*3 

63 

C3 


III-15. Equation of straight lines passing through the 
intersection of two given lines 

Let aix+h^y{-Ci’=% (1) 

a 2 X+b 2 y+C 2 — f> ( 2 ) be equations of two lines. 

If we consider the following equation 

aiX+bty+Ci+k(a2X+b2y+C2) = 0 (3) 

we see that this is an equation of the first degree 
representing a straight line. .^Iso if (<, P) be co-ordinates of 
the point of intersection of the straight lines ( 1 ) and ( 2 ) 
then ai«t-I-&ii5+Ci = 0 and a 3 «t+& 2 iJ+C 2«0 and hence 
ai«i+ 6 i/ 3 +Ci+fe(a 2 '=t+&s/J+C 2 )sO for all values of k. 

Therefore the equation ( 3 ) represents a straight line 
passing through the point of intersection of straight lines 
( 1 ) and ( 2 ) for all values of k. • 

Conversely the equation aiX+biy+Ci + kia^x+b^y+c^) 
*0'"(3) represents straight lines passing through the point 
of intersection of two lines whose equations are UiX+biy 
-l-Ci-O and as«-b 6 jy+C 2 = 0 

Hence all straight lines represented by the equation (3) 
always pass through the fixed point of intersection of two 
straight lines ( 1 ) and ( 2 ). 

ILLUSTRATIVE EXAMPLES 

Ex. 1. Find the equation to the right line passing 
through the origin which is 

(i) parallel to line ax+6y-l-ca=0 

(ii) perpendicular to line ax-|- 63 ;+C '«*0 
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(i) The equadon- to the right line parallel to the line 
a*+6j»+c*a0 can be written as 

ax+by+k=$ (for the equadons to parallel lines differ 
only by the constant terms.) 

Now because this straight line passes through origin 
this equation is satisfied by y=«0 

a . 9+b . giving 

The equation to the required line 
ax+by=^d 

(ii) The equation of the straight line perpendicular to 
the line ax+by+C’^9 can be written as bx-ay+k’=>9 

[Art. IIMO (ii)] 

Now because ''this straight line passes through the origin, 
this equation is satisfied hy x^%, y^s^B 

/. &. 0— a . 0+fe=0 giving 

/. The equation of the required line 
bx-ay^9 

Ex. 2. Find the equation to the straight line which is 
perpendicular bisector of join of (3, 4) and (5, 6) 

The equation of line joining two points (3, 4) and (5, 6) 

,-4-(*-3) (1) 

Also the co-ordinates of the middle point of (3, 4) and (5, 6) 

Now the equation of line through (4, 5) can be written as^ 
y-5—m(x-4) (2) 

The condition that lines (1) and (2) are perpendicular 
-1 giving m«»—l 
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The equation of required line cm be obtained by putting 
n»» — 1 in the equation (2) 

y-5--(«-4) 

x+y=9 


Ez. 3. Prove that three lines, z-y— 7=0, z+2y+6*0 
and2z+ir-l=0 pass through a common point and this 
point is equidistant from (5, -*4), (3, —2) and (1, - 6) 

The co-ordinates of the point of intersection of 

z-y-7-0-(l) 

and z+2y+6=0*”(2) can be obtained by solving. 
Subtracting (2) from (1) — 3y — 13—0. y— — z=f 

y 

Now the equation 2x+y- 1=0 is satisfied by 
— ¥ V V-¥-3=0 
/. The three straight lines meet at (f,— ■¥•) 


Ez. 4. Find the co-ordinates of the foot of perpendicular 
from the point (2, 3) on the line z+y — 11=(1***(1) 

The equation of any straigh t line through (2,^3) 
y-3=m(z— 21 - 

’^.Nbw this line is' perpendicular to the straight line 
^=-z+ll Hence from the condition of perpendicularity 
*»(~1)=— 1 giving m=l. 

Hence the equation of the straight line through (2, 31 
perpendicular to line z+y — 11=0 is 

y-3-(z-2) 

y-*»l (2) 

z+y=ll (11 


Solving (1), (2) 2y“12, y-6 z=5 

Foot of perpendicular is (5, 6) 
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Ex. 5. Find the equation to the straight line passing 
through the interse^on of lines 2x— 33*+4ai0 and 
3x+4j>-5a>0 and perpendicular to the straight line 
ex-Jy+e^^Of [C. U.] 

The equation to^ the line passing through the point of 
intersection of lines 2*-3y+4=»0 and 3jc+4y-5=0 is 
2x - 3y + 4+ fe(3*+4y - 5) = 0 

or, x(2+3k)+ y(4k - 3)+(4 - 5fe) b 0 (ii) 

This is perpendicular to 6x — 7y + 6 = 0 (i) 

The condition of perpendicularity of lines (i) and (ii) 

6(2+3fe)-7(4fe-3)=*0 

-10fe+33=0 

The required equation, on putting 

Wa:+Wj'-W= 0 .% 119x:+102y-125. 

\ 

Exercises 3 (B) 

1. Find the equation to fhe straight line, which passes 
through the point (4, - 5) and which is parallel to the straight 
line 3a;+4i/+3=0. 

2. Find the angle between the following pairs of st. lines 

(i) y=9x+7 and 3y=a?+8 

(ii) X - 4y =»3 and 6x - y=l 

(iii) • X cos 25*"+^ sin 25° - 7=0 
and X sin 26®- y cos 25®+7=0 

3. (i) Find the equation to the straight line through the point 
( - 4, 7) and perpendicular to the straight line 5a?- 7y+2=0. 

(ii) Find the equation to the straight line which passes 
through (a?', i/O and perpendicular to the straight line 
!*»&+»')• 

4. Find the equation to the straight line which passes 

through (a?i, y±) and is perpendicular to the join of (fl?j|, i/a) 
and (fl?as Vs)- [0.,U.] 

6. Find the equation to the straight line which is at right 

angles to the line --^=1 through the point where it meets 
d o 

the axis of x. 
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6. Sind the oo-ordinatea of the ptnots of interoeotion of tbe 
following straight lines 

(i) »*=»!«+— and {/=»»•«+— 

Wt\ ffl% 

(ii) ®+|=l and f+5=l. i [0. U.] 

a o 0 a 


7. Show that the lines 

(a+6)ic+(fl ni&)l/ - 2fl&«0 

(a-6)«+(a+6)2/-2afc=0 and a+y=0 


form an issosceles triangle whose vertical angle 2 tan 



[C.U.] 


8. Find the foot of perpendicular 

(i) from the origin to the straight lino j/+a5=l 

(ii) from the point (<, P) to the straight line aaJ+62/+c=0 


9. Find the equation to the straight line passing through 
the point (3, 2) and the point of intersection of 2®+3y=l and 
3flj-4^=36. 


10. Find the equation to the straight line through the point 
of intersection of lines a;+2|/*f3=0 and 3a5+4:y+7=0 and 
perpendicular to the straight line y - x^8. 

11. Find the equation of the straight line passing through 
the intersection of the lines x-2y-a=0 and a? +3?/ - 2a =0 and 
I)arallel to the line 3x+4y=0, 

12. Find the equation to ^he straight line passing through 

intersection of the lines xSa; -4^+1= 0 and 5x+y - 1=0 and 
cutting off equal intercepts from the axes. c 

IS. Prove that three straight lines whose equations are 
15® 18i/+l=0, 12® ”H"10v/ — 3=0 and 6®+662/ — 11=0 meet 
at a p^int. 

Show also that the third line bisects the angle between the 
other two. 


14. For all values of the parameter A, prove that the line 

5®+i^- 11“'A(2®-72/+3;=0 goes through a fixed point and 
determine its co-ordinates. [0. U. 1950] 

15. Find the equation to the straight line through the point 

(3,2) and intersection of lines 3®+|/-5=0 and ®+5|/+3. 
jPind also the area of the triangle cut off from the co-ordinate 
axes by the line. [0. U.] 

16. Find the equation to the line through (3, 4) inclined at 
L 45® to the straight line x-y =»2. 
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> 111-16. Length of perpendictilar from a point upon a 
straight line 

(I) Let the equation to the straight line AB, be x cos k 
+y sin cc=p>*(l) 

The form of thi equation suggests that length of 
perpendicular from the origin 
is p and < i^ the angle 
which the perpendicular 
makes with x-axis. 

Let P ( Xj, vi ) be the 
given point from which the 
perpendicular is to be drawn 
upon the straight line AB. 

Let the equation of 
straight line through P and 
parallel to the line AB be 

X cos sin \^herc p'-OL 

As this line passes through (xj, yj) 

Xi cos <+yi sin «c=p' 

PN= Length of perpendicular from x^yi upon 

line (1) 

= OL — OAfs=p' — p • 

= xx cos “C+j^i sin<-p (A) 

(II) Let the equation of the line be ax+by+c=0’"{3) 

Comparing the equations (1) and* (3) 

-P..COS «t. .sin , .t. n/cos* <-fsin” . 1 

^ ^ s/a*+6® "" 


B' 
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whence, cos <= ± , =,sin«c>-, . 


-ps 


±C 


Length of perpendicular upon the line ax+6y+c»o 


\/a*+feaJ 

, axt+byx+c 

■- s/as+b» 



aa 


eo-€fmc»im mitomatr 


Cor L K c, tbe coostsaot ol the e(;p 2 atioQ ax+hj/^<}"‘0 
be positive, then length of perpend^ular from the origin 
c 

^a*+b^’ 

Cor XL It is deen that the length hi the perpendicular 
from a point P to a straight line AB may be positive or 
negative. When the absolute length is required, that sign 
is to be taken which makes the expression positive. But 
when the directed distance is required, due regard shoxild be 
paid. The straight line AB divides the entire , plane into two 
portions and any point may lie in any part. If the point P 
and the origin O lie on the same side of the straight line, 
both the perpendiculars are drawn in the same direction and 
hence the same sign is to be taken. But if P and O lie 
on opposite sides, the perpendicular from P must have the 
sign opposite to that from O. 

III-17. The equation to the lines besecting the angle 
between two straight lines. 

Let BAS and CAC be two straight lines whose 
equations are aijc+&iy+ci=s0 ••• (1) 

and aax+&sy+c,^0 (2) 



Let P y) & point on the bisector of angle BAC 
between two straight lines. Take both Cu Ca positive. 
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Let PL, PM. be perpendiculars from P upon two straight 
Jines (1) and (2). Then we see that these perpendiculars 
PL, PlA and perpendicufers from O upon these lines are in 
the same sense and hence are of same sign. Now the 
lengths of pert>endicu^ar from P ( x'y' ) upon (1) and (2) 

are equal. So that ^ 

s/ai2 + 6i2 ^a^ + hi 

If we take P' on the bisector of CAB', we see that 
perpendicular P'L' and the perpendicular from O upon 
BAB' are of same sense but the perpendicular P'Al' and 
the perpendicular from O upoii AC arc of opposite sense. 
Hence the perpendiculars P'L', P'M' are equal in magni- 
tude but opposite in sign. 

So that 

Making x^y' current co-ordinates, we get the equation 
of bisectors of angles ® 

+ Cl _ ^ qg>;r + &2y+^2 
\Ja^+hi sJa^’\-hz 

The positive sign refers to the case when the bisector 
lies in the origin side or non-origin side of both the lines 
and the negative sign refers to the case when the bisector 
lies in the angle in which the origin lies on the positive side 
of one and non-origin side of the otheu. 


ILLUSTRATIVE EXAMPLES 

Ex. 1 To find the length of perpendicular from the 
point ( — 3, —4) upon the straight line 12 (jc+ 6)»5 (y — 2). 
The equation of the line 

12a;H-72«5j;-10 

12A:-5y+82=0 


3 
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line 


The length of perpendicular from (-3, ^4) upon the 
12(-3)~5(-4H82 


s/l2*+l-6)® 

-36+20+ 82 

K/m 13 13 


Ex. 2. Find the distance between iwo parallel straight 
lines ax+by+c=^0^ ax+by+d^O 

Let Pi = Length of perpendicular from the origin (0.0) 
to the straight line ax + by+c=0 

_ ax0+bx0+c ^ c 

s/a^ + b^ 

Pa = Length of perpendicular from the origin (0,0) to 
the straight line ax+by+d=^0 

^zxO+fcxO+d d 

\^a^ + b^ \/a^ + b^ 

Distance between two parallel lines 

c 

c-d 

Ex. 3. Find the equations to the bisectors of the angles 
between the straight lines , ^ 

3jc — 43;+7=“0 and 12x — 5y — 8=0. 

Writing the equation so that their constant terms are 
positive 

3x— 4j;+7=0 and — 12a:+5y+8=0 

The equation of bisector of angle in which the 
origin lies 

3x— 4y+7 _ -12jc+5y+8 
s/3^+4^ N/(-^i2p+5“ 

3x-4y+7 -12x+5y+8 

5 13 

99x — 77y+51= 0. 
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The equation of bisector ot angle in which the origin 
does not lie 

3^- 43;+7 Jk2x^5y+% 

5 13 

21a:+27^-131«0 

Exercises 3(C) 

1. Find the equations to the straight lines which 
(i) bisects the angle in which the origin lies 

and (ii) bisects the angle in which the origin does not lie. 

(a) 4a;+3i/-7=0 and 24®+?!/ - 31=0 
{h) 2®+y=4 and 2/+3®=5 

2. Find the length of perpendicular drawn from the point 
(4, 5) upon the straight line 3®+4y=10. 

3. If p and p' be the perpendiculars from the origin upon 

the straight linos x sec cosec 0=a and ® cos 0 - t/ sin ^ 
=a cos 2 6, ^ 

prove that 4p® +p'®=a®. 

4. If p and p' be the * perpendiculars from the origin 
upon lines 

X sin d+y cos 0=1 sin 20 
X cos ^ “ p sin 0=a cos 20 

prove that 4p*+p'*=a®. [C. TJ.] 

5. Fi& the distance between two parallel lines 

p=w®+c 

6. What are the points on the axis of x whose perpendicular 

distance from the straight line ®+^=l is a 

a 0 

Wiiting the equation in the form 6®+ap - fl&=0 (1) 

Let us take the point {Jc, 0) on ®-axis. 
a = length of perpendicular from (Zc, 0) upon (1) 

••• 


o Va* +6*= ±hk- ab 
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± bk^ab+a Ja*+b* whenoei 

j_±i[i+vi!±B ( 2 ) 

b 

The required points are (A;, 0) where k is given by (2). 

7. How far the line A(®+fe)+i(l/+i)=4o from the origin ? 

8. Find the distance between two parallel lines 
3®+42/-15=0 and 6«+8y+15=*0. 

9. Show that the pejjpendioulars let. fall from any point of 
the straight lino 7flJ“9i/+10=»0 upon two straight lines 
2x+4:y=b and 12a?+5l/=7 are eqhal to each other. 

10. Show that the perpendiculars let lall from any point of 
the straight line 2a;+lly — 5 upon two straight lines 24a;+7y=20 
and 4x“3y=2 are equal to each other. 

11. If the sum of the perpendiculars dropped from a variable 
point P on the two lines ic+l/ - 5=0 and 3a; ~ 2y+7 ■“ 0 be equal 
to 10, prove that P must move ou a xv^ht Ime. [G. U, 19G01 

12. A point P moves so that the perpendiculars from it to 

the lines a;+2y-l=0 and 4:X-2y=3 are equal. Find the 
locus of P. • 

Transformation of Co-ordinates 

III-18. To change the origin of co-ordinates without 
changing the direction of axes. 



Let OX , and OY be the original axes and let the new 
axes parallel to OX, OY respectively be O'X', O'Y'. 
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Let (y be new origin whose co-ordinates referred to OX, 
OY be {h, k) 

Let (x, y) be co-ordinates of the point P referred to 
original axe^ and be the co-ordinates of P referred to 
new axes. * 

Draw perpendicular from P upon OX, and 

let PiV cut OX' in N'. Then NP-y, aN'^x\ 

N' P=y. OA[=ft, AlO'-fe 

We have jf=ON'«OAH-MN“A:'-hh 
y^NP^^NN'+N'P 

r-MCy+N'P^y'+k. 

Hence if the origin be transferred to 0'(&, k) we are to 
substitute for the co-ordinates x and y the quantities x'+h 
and y'+k 

ILLUSTRATIVE EXAMPLES 

Ex. 1. Transform to parallel axes through the point 
(1, - 2) the equation x®-4.y+4y+8=0 

As the new origin is (1, — 2) the formula for transforma- 
tion x^l+x' 

yiB —2+y' 

Substituting the values of x'Jin the equation 
(a;' -I- 1)® “ 4(x' + 1) + 4(y - 2) + 8 = 0 
+2x'-|- 1 -4x' - 4 +4/- 8+0 - 0 

Make the co-ordinates (x' y') current co-ordinates (x, y) 
x’-2x+4y-3=0 

Exercises 3 (D) 

1 Transform to parallel axes through the point ( - 2, 3) the 
equation 2®®+4a;2/+3i/* - 4® - 22?^+7=0. 

2. Transform to parallel axes through the point (1, - 2) the 
equation (1) 2/* - 4®+4i/+8=*0 

and (2) 2®*+!/* - 4®+4y=0 

3. By transforming to parallel axes through a properly chosen 

point (&, h) prove the equation 12® * - 10®2/+2i/ “+ 11® - W 
+2^0 can be reduced to one containing only terms of the second 
degree. [ C. U, ] 
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lV-1. A circle is the locus of a point which moves such 
that its distance from a ^zed point is constant. 

The fixed point, is called the centre and the constant 
distance is the radius of the circle. 


IV-2. (a) To find the 
equation to a circle whose 
centre is the origin and 
whose radius if equal to r. 

Let P (*, y) be the moving 
point of the circle. 

Draw PN perpendicular 
upon the A:-axis, then PN — y, 
ON ^x. 

Now ON^+NP^ 

» OP* =» r* = constant 
x^-i-y 



{b) When the centre is the point {h, k) 

Let C {h, k) be centre 
of the circle and r be the 
radius of the circle. Let 
P (x, y) be moving point, 
then 

CP® = constant = r®. 
Now CP is the distance 
from P (x, y) to C (h, k) 
CP'=‘{x-hy+{y-kY 
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IV-3. The nature of the locus whose equation is given 

to be x*+y*+2gx+2f9+c=0 (1) 

The equation can be put in the form 
{x^+2gx+g*)+{:t+2fy+f^)^g*+P-c 
(^+g)*+(y+f)“ = (7g2+fa_c)» 

- g){* +{y -i-m=is/i»+r-cy 

The point moves in such a way that the distance of 
the moving point (x, y) from the point (— g, —f) is constant 
and equal to Jg^ + f^ — c- 

The locus of P is a circle whose centre is ( - g, - f ) 
and radius equal to 

N. B. Ifg2 + f2>c, the circle is real 

and g® + f®<c, the circle is imaginary 

and if g®+f® — c, the locus reduces to a point circle 

at (-g, - f). 

IV-4. The condition that the general equation of 
the second degree ax^-\-hy^-^2hxy-\-2giX+2f\y+Cx = 0 

represent a circle (2) 

Multiplying the equation (1) by a, we have 
ax^+ ay^ + 2gaA: +2/ ay + ca = 0 (3) 

Compairing the equations (2) & (3) we see that 
a=h, h=0 . 

/. The condition of the circle 

a = coefficient of = coefficient of y^ 
and /i= coefficient of xy—0. 

ILLUSTRATIVE EXAMPLES 

Ex. 1. Find the centre and radius of the circle 

5A:*+5y® — 4 a;- 3y=15 

Dividing the equation by 5, we have 

A:®+y®-g x-\ y=3 
3 O 
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Center is (| , and radius — 

'D 10/ 2 

Ex. 2. To find the equation to the circle whose 
diameter is the join of {xi yi) {x^ 

Let jB (jTi, y^\ C {x 2 y^) be the given points and P{x' y) 
he any point on the circle. 



Fig. 22 

Then Z BPC is a right angle (angle in semicircle is equal 
to 90°. ) So that BP, CP are perpendiculars. 

Now the equation of BP, CP 

y-yi’’ j (x-xi) 

X — 

and y-y^mi 

The condition that these two straight lines arc at right 


angles is 


X^Xi 


y'-ys 
a;' — ^2 


-1 



CIBCtiE 


41 


Making {x\ y') current co-ordinates {x, y) we get the 
locus of P (x, y) 

^-*i) C«-*2)+0'“3 ’i) (j'-ys)“0 

Ex. 3. To find%he length of intercepts on axes of the 
circle represented by the equation 

x‘+y^+2gx+2fy+c==^0 (i) 

This circle cuts the jc-aiis at two points given by putting 
y=0 (viz. at A, B) 

x*+2gx+c=0 ••• •(«) 

If two points be 

(xi 0) (xa Oa) 

jcj+jca = sum of roots 
of equation (ii) 

= -2g ~ s'- 

Xj «= product of roots =c f*’*.?*) 

(xj — Xa)^ Fig. 28 

= (xi +x^^- Ax^xa = 4g2 - 4c 

AB^x^—Xa — 2*J^~^c- 
Similarly when x^O, equation (i) reduces to 
y*+2fy+c«=»0 

^i+ya^-Sf, 

(J'i-y2)®=(3'i+y2)®-4yi ya 
«■ 4f * - 4c = 4(f ^ — c) 

Intercept on y-axis=yi —ya^2 — 

N. R If the circle touches both axes, these values of 
intercepts are zero. So that = say. 

' In this case, the circle touches the axes 
.*. The equation of the circle touching the axes can be 
put in the form x®+y**±2Ax±2Ay+A® = 0 
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Ex. 4. To' find the equation to circle which passes 
through (1, 2), (3, —4) and (5, —6). ^ 

Let the equation to circle Jc®+y®+^*+2Aj;+c=0 


The circle passes through (1, 2) 

l+4+2g+4f+c=0 (1) 

The circle passes thfi>ugh (3, —4) 

/. 9+16+6g-8f+c=0 (2) 

The circle passes through (5, — 6)=0 

25+36+10g-12f+c*0 (3) 

From (1) and (2) 4g - 12f +20 =» 0 (4) 

From (2) and (3) 4g — 4f+36=0 (5) 

From (4) and (5) —8/ — 16=0 

A 2f=-4 2g=-22 

c=25 , 

Hence the equation of the circle 


x^+y^ -22x-4y+25=0. 

Ex. 5. To find the equation to the circle which touches 
each axis at a distance 5 from the origin. 

Since the perpendicular lines to x-axis and 3 ;-axis at 
the points of contact, pass through the centre, the centre 
is clearly on y=5 and x=5. So that centre is (5, 5) 

The radius of circle =5 
Hence the equation to the circle 
(x-5)* + (y-5)*=52 

A x2+y2-i0x-103;+25=0 

IV-5. The points of intersection of a straight line and the 
circle : Condition of Tangency 

Let the equation of circle be x®+ 3 ;®a»a* (1) 

and the equation of the straight line y — wx+c (2) 
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The co-ordinates of the points of intersection satisfy 
both equation (1) & and hence x-co-ordinates of the 
points of intersection ratisfy the equation 

or, (l+m®)+2mcx+(c>-a®)=0 (3) 

This is a quadratic equation in x, giving two values of x 
which are x-co-ordinates of two points of intersection of (1) 
and (2). 

If two points of intersectio n coincide, the straight line 
touches the circle. In this case, for equal roots of equation 
(3), the discrimant of the equation (3) is zero. 

4 (l+m®) (c® — a®; 

or, = 

giving c® = a® (l+wi®) which is the condition of tangency 
of line (1) \ 

/. c=±aJl+m^ , 

Hence y=>mx±as/i+m® touches the circle for all 
values of m. 

IV-6. To find the equation of the tangent to the circle 
at(xiy,) 

(i) Let the equation of circle x®+y® = a® 

Let (xi*yiJ (xa ya) be any two points on the circle. 

So that X 1 ® + yi® = a® 

* “+ys^ = a® 

When Xi® — X8®-f-yi®— y2®=0 

(xi-xa) (a:i+Xa)= -Cvi-y,) (yi + ya) 


. yi-yii -_ ^i+Jgg m 

xi-xj yi+ys 

Now the equation to the straight line joining (xi, yj 
,(^2 ya ) 


Xi-Xa 

From(l)y-yi" 


- yi+^g .(x-xi) 

J'l+ya ^ ' 
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If point (jca. vi) approaches the point (*i, yj and 
ultimately coincides with the point, *We get the chord to be 
tangent at {xi yj). In that case JCa"v*i 

Now equation (2) becomes 

-yi*= -‘Xx{H-x^ 

.*. Equation of tangent at (xj y^) 
xxi +yyi m.x^+y^-a^. 

(ii) Let the equation of the circle be 

x2+y«+2gx+2fy+c«0 

Let (*,, yj), (* 2 , ys) be any two points on the circle. 

Then x^+y{^+2gxx+2fyx+c»0 
+2gXz + 2fy a + c 0 

* 

Therefore by subtraction 

(«2* -«i*)+2g(jcs -A:i)+(y2® -yi'*)+2f(ya-yi)“0 

Ua-«i) (*»+-*! +2g)+(y2-yi) (ya+J'i+SO^O 

y2-yi r-,_ «^a+J^i+2g 

^2-*i y2+yi+2f 

Now the equation of the straight line joining {xi yj) 
and (jCg ys) 

y-yi = -^— ■■ {x-x^) 

Xi 

“■ 

If the point ix 2 , Vz) approaches and ultimately coincides 
with (*i yi), we get the limiting position of chord and hence 
the tangent at (* 1 , yj). 

In that case the equation (A) transforms to 

2(jCi+g) 
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yyi+yf-y^-fy-i^ -xxj,-gx+xi*+gxi 
or, ■ xxi+yyi+gx+fy=>x^+y^+gxi + fyt 

Adding gx^+fy^ +c to both sides, we get 
xxj_+yyi+g{x^xi)+f{y+yi)+c 

= x^±y^+2gxi+2fyi+c=0 


Equation of tangent at (a:i, yj) 
xxi+yyi+g{x+xi)+f{y+yij+c=0 


IV-7. To find the equation of normal at {x^ y^) to 

(I) circle, x^+y^—a^ 

(II) circle, x^+y^+2gx+2fy+c=‘0, 

(I) The equation of the tangent to the circle 
x^+y^’sa^ at (atj, y^) is 
xxi+yyi=-‘a‘^ 


or, y= 


Xl 


Vi 


xV 


yi 


(i) 


So that m of the tangent =• 

y\ 

Now the equation of any straight line through the point 

yi) is y-yi=m' ix-xi) (ii) 

The condition of perpendicularity of (i) and (ii) 
mm'— -1 or, 



3'-^!=- (x-xi) 

Xl 

yxi~xi yi’^xyi-xi yi 

The required equation of normal at yi, 

yxi-xyi=»0 
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(II) The equation of the tangent to the circle 
**+J>“+2g«+2fy+cs=0 at yi) 

xxi+yyi+gix+x%+fiy+yi)+c=0 
y(yi+f)+xixi+g)-^gxi+fyi + c)=0 

® 

So that m of tanggpt= 

Let the equation of normal be 

y-yi=m' {x-xi) (ii) 

The condition of perpendicularity of lines (i) and (ii) is 
/ /_Jgi+g\_ 

\ y\+fl 


m' 


Vi+fl 
whence m'= 

Xl+g 


The equation of normal at {xi y^) 

Xi + g 


y-yi 
y-vi. 


or. 


or. 


IfLl 

Vi + f Xj_+g 

x{y\ +f)- y(^i +g) - fx-i +gyi =0. 


lV-8. Chord having its middle point given. ' 


Let the middle point N 
of chord AB be {.x^ y,). 

Then ON is perpendicular 
to the chord AB. 

Let the equation of 
chord be 

y-yx=m{x-x^) ••• (1) 

Now the equation of ON 
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The condition of perpendicularity of lines (1) and (2) 

m. giving n»=— 

*1 f yt 

Hence the equation of the chord having as its 

middle point {x~x^ 

Vt 

t.e., {x-x^) XT_+{y-yx) yx-0 

ILLUSTRATIVE E24AMPLES 

Ex. 1. Find the equations of the tangent to the circle 
x^+y^ = 9 which are parallel to 3x-h4y=0 [C. U ] 

Equation of any tangent can be written as 

y=mx±3\/i+rn^ (1) 

This is parallel to 3jc+4y=0 

3 

y--ix ••• ... ( 2 ) 

The condition that the lines (1) and (2) are parallel is 



The equation of the tangent becomes 

• 4y+3x= ±15. 

Ex. 2. Find the equations of twp tangents to the circle 
x2+y®='3 which makes angle 60° with the axis of x. 

[C. U. 1955] 

Compairing the equation with x^+y^=a^,~'we get a— J3. 
Now equation of any tangent to the circle can be 
written as 

y=mA;±v/3 Vl + m® 

Here m—t^x^ 60°“»v/5 

The equation of the tangent y=is/3 x± n/3v/I+3 
y=»iv/5 x,±2^/5 
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Ex. 3. Find the equation of the tangent and the nottnal 
to the circle -14«+83/+40 s* 0, at die point (3,-1). 

Compairing this equation with the^tandard equation 
x*+y^+2gx+2fy+c=‘0, we get g% -7, f =4 and ca»4. 
The equation of tangent at {xi, yi) k 

xxi+yyj^+g ix+xi)+f {y+yi)+c=0 
This becomes 

jc. 3+y (-1)-7 ^a;+ 3)+4 (3;“1)+40 
On simplification, - 4 ^+ 33 ;= -15 
i.e.t 4x-dy^l5 

Also the equation of normal at {x\, y-^) is 

x(.yi.4rf)-y (;»:i+g)-f*i+gyi=0 
Here f=4, g= -7. 

The equation of normal at (3, — 1) becomes 

x(-l+4)-y(3-7)-4.3-7(-l) = 0 
i.e., 3x+4y=5. ' 

Ex. 4. Find the equations of tangents to the circle 
x^ + y^ ~6x-\- Ay =1 which is perpendicular to the straight 
line y=2;c+3 

The equation of the circle can be put in the form 
(A:*-6x+9)+(y*+4y+4)=7+13 
(;c-3)2+(y+2)2=20 

The centre of this circle (3, —2) and radius = ^20 

=2s/5. 

The equation to the straight line which is perpendicular 
to y = 2x+ 3 can be written as 

y^-ix-c [V 2x(-l)--l] 

x+2y+2c—0 ••• ••• ••• (1) 

If this straight line (1) is tangent to the circle, the 
length of perpendicular from the centre (3, —2) upon^-the 
tangent (1) will be equal to the radius 2^y5. 





Hpm Iii4t (Ml tlw eeip^ndi^ibr ^gm (3, -2) 
MpoA x+2p+S^Qia 


^-'±2s/& 


2c — 1.S I ± 2s/Ss/9 


2c-l-±10 

2»»±11 


.*. The equation of tangent is x+2y± 11»0. 

Ex. 5 Find the co-ordinates of the point of contact of 
the tangent jz-mx+as/l+tn* to the circle **+ 3 ;«»a®. 
Let(xi ^x) be the point of contact 
Then we get the equation of the tangent at (xj jix) 

Compairing it with the equation given 
-jna:+y**aN/l+m® 

-£l_:a2il = __^L==- 

-m 1 os/l+m- 


giving JCi = -7 , and yi 

vl+m® 


Vl+m® 


Ex 6. Fmd the lerigth of tangent from (xt })i) to the 
circle x’‘+y?+2gx+2fy+c^0 
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Let T be the ’point {,Xx Vx) and P be the point of 
contact ^ 

The centre of the circle is C ( - -f) and the radius of 

this circle is •Jg^+P-c \ 

[Length of tangent from (xi .Vj)] ® <epr® =» CT* — CP* 

(s/g* + f * - c)® 

^xx^+2ixi+g^+yx^+2fyx+r - (g* - c) 

^xf+y^+2gxi+2fyi+c 

= s/si. Where Sj denotes value of the expression 
in X, in the equation when Xx, Vi are subtituted for x^ y. 


Exercises 4 

1. Mnd the centre and radius of the following circles : 

(o) !B*+v* -4rB-8y=41 

(6) ®*+»*=4{®+y) 

(c) 5®*+6y*=2a:+3tf 

(d) x’+y*=2gx-2fy 

(e) «®+y*+6®-8y=24. 

2. Find the equation to the circle passing through the points 

(o) (5, 7), (8, 1) and (1, 3) 

(6) ia,b),(a,-b) and (a+6, o-fe) 

(c) (0, 0). (0. -6) and (3,4) 

(d) (1.2). (-3,4) and (5, -6). 

8 . ABCD is a square of side a , taking AE ana ajj as axes, 
prove that the equation to the circle circumscribing the square 
is «»+»*so(«+»). [C. U. 1951] 

4. Find the equation to the circle which passes through the 
origin and cut off intercepts equal to 3 and 4 from the axes. 

5. Und the equation to the circle which touches the axes 
and of radius a. 

6. Find the equation to the circle which touches the i>.xia 
of X at the origin and passes through the point (b, c), 

7. Find the equation to the circle having the join of (2, 3) 
and (5i 6) as diameter. 



Olftctid 
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8. Frovd that the oentres of three oircles 

»*+y“+8« — 2y=«l, ~ IQie+iv^l Ke on a right linei 

. / “• 

9. Find the equalion to the circle which touches the co- 
ordinate axes at (1, 0) and (0, 1). [C. U.l 

10. (a) Prove that two circles a*+y®+4a?- lOy- 20=0, 
a?®+y® - 8flj+6y - 16=0 touch each other externally. 

[Hint : — ^The distance between centres of two oircles =sum 
of their radii.J 

(&) Prove that two drcles aj®+y®+4a?-6y-36=0 and 
a;®-l-y*+16a5+3y+22=0 touch each other internally. 

[Hint : — The distance between centres of two circles 
^difference of their radii.] 

11. Obtain the equation of the circle which passes through 
two points on the axis of x which are at a distance 2 from the 
origin and whose radius is 5. 

12. Find the equation to the circle which touches the axis 
of y at a distance +4 from the origin and cuts off an intercept 
6 from the axis of x, 

13. Find the equation to the circle which goes through the 
origin and outs off intercept equal to h and k from the positive 
sides of the ftxes. 

14. Find the equation of circle ^KJncentric to the circle 

10y+16=0 and passes through the point (1, 2). 

15. Find the equation to the circle which is concentric with 
the circle and which passes through (5, — 2). 

16. Write down the equation of tangent to 

(a) the circle x^+y * - 3a?+10y - 15=0 at (4, - 11) 
ib) the circle 4a? * +4y •- 16» +24^=117 at (-4, « V-). 

17. Find the equation of tangent to the circle a?* +y® =4 
which is parallel to a?+2y-f-3*=»0. 

18. Find the equation of tangent to the circle - 6a?+4y 

«=12 which is parallel to the line 4»-l-3y+6“*0. [0. XJ.] 
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19. throve that and |f«8 both toaeh the circle 

«*+y* - 4a> - 6y«»l9, Find the pointttf contact, [0. TJ. 1965] 

2Q« If the tangents at (o^iVi) am on the circle 

»*+l/*+3flf«+3fi/+o*«0 are j^rpendiSular, 

prove (nil*;9+yiy#+(/(»i+«a)+y(yi+ya)+9*+/*®®0. 

21. Prove that the straight line y^w+oV^ touches the 

circle and find the point gf contact. [0. U«] 

22. Find the condition that the straight line Ax+By+C^O 
may touch the circle (x - a)* +(y — 6)® sac®. 

23. Find the equation to the tangent and normal at ( — 5, 2) 

to the circle a5*+j/*+3aj - - 6=0. 

24. The length of the tangent from {/, g ) to the circle 

is twice the length of tangent to the circle 

»®+y®+3aj+3y=0. Show that flr®+/*+4/+4{y+2=0. 

25. Find the condition that the line Ix+my+n^O -should be 
(i) a tangent (ii) a normal to the circle ®®+i/*+2fira3+2/i/+c=0. 

26. Prove that if y^x sCn <+« sec «c be a tangent to the 
circle »*+!/* »a* then a* - coa*<s=sl. 



/CHAPTBB Y 
'PARABOLA 

V-1. A parabola is the locus of a point which moves in 
a plane in such manner that its distance from a fixed point, 
called focus is always equal to its diAance from a fixed line, 
called the directrix. 

The parabola is a particular kind of curves called conic 
sections or conics. The definition of conics is as follows : 

If a point moves in such a manner that its distance from 

a fixed point, called the focus bears a constant ratio to its 

distance from a fixed line, called the directrix. Then the 

moving point traces a curve called the conics or conic 

sections. If the constant ratio, generally denoted by Val, 

the curve is the parabola and if e<l, the curve is called the 

0 

ellipse and if e> 1, the curve Vs the hyperbola. The name 
‘conic section’ comes from the fact that (i) if we intersect 
a double right circular cone by a plane perpendicular to the 
axis, the section becomes a ckcle, (ii) if we intersect the 
said cone by a plane in an oblique manner (not at right angle 
to the axis)^the section becomes an ellipse, a parabola or 
a hyperbola according as the plane makes with the axis of 

the cone an angle=the semi-vertical angle. The section 

is, however, a pair of straight lines if the plane be drawn 
through the vertex of the cone. 

V-2. The equation to die parabola : standard form. 
Let S be the focus and MM' be the directix. 

Draw X'S perpendicular to MM\ Bisect SX' at O. 

The line X'OX is called the axis, of the parabola. 

Draw OY, perpendicuhur to OX. The point O is called 
the vettex of the parabola. 
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Take X'OX as x-azjs and OY as stasis. 

Let P (x, y) be any point on thdtparabola. Draw PM 
perpendicular to AfAl' and join SP. ttaw PN perpendicular 



tp OX. '!fake X'O—OS^a. So S is the point (a, o). Then 

by definition of parabola 5P=5Pill=X'iV. 

SP^X'O+ON ” 

5P2««(X'0+0iV)2 

(x-a)“+(y-o)®=(a+x)2 

y^^(x+a)^-(x-ay 

y? as 4 ox which is the standard equation of the parabola. 

Cor. I. The equation of the directrix x®* — f'. 

Cor. II. If we take LSL’ perpendicular to the axis X'X, 
the line LSV is called t^e latus rectum. 

The latus rectum is defined as the focal chord, perpendi- 
cular to the axis. 

Now x-co-ordinate oiL=‘a and if we put x=«, 
y®a»4a. a=*4a* SL^y^Za 

LL'=2SI."4o“4 (distance of S from O, the vertex). 

Cor. in. For any value of x, we get two equal and 
d|>posite values of y. Hence any line parallel to 3 >-axis, 
cut the parabola in two points whose y-co-ordinates are 
equal and opposite. Hence the curve is symmetrical with 
respect to x-axis. 
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V>3. Other form of the parabolas. 

• * 

(i) If we take t)xW equation of the directrix aa 
and focus S\ tfis' {’-tw o) the equation of the parabola 
y«=-4ux. [fig. 27] ' 




(ii) If we take x«»+a (line MiMi ) as directrix and 
focus S' { — a, 6). 

The equation of the parabola ^ y*®* — 4ax. 

(ii) If ewe take y= —a 
as equation of directrix and 
the point S (o, -a) as the 
focus, the equation of the 
parabola becomes 

x^^4ay ••• ( 1 ) 

(iii) If we take y=‘a as 
the equation of the directrix 
and the point S' (o, —a) as 
the focus the, equation of the 
parabola -4ay ••• (2) 




00-0«I>|»At|l' eiK^XBX 


A6 


V-4. Find the eqi^tSaa to the patebolai telened to its 
axis and die perpendicular line t(*the axis through the 
focus, as axes of reference (i.e., ,«-axiftand y-axis). 

Here the origin is the focus and ^ is the\ertex. 

Take AS^aand <-20 as directrix. 



Fig. 29 

Let P (x, y) on the locus, ’draw PM perpendicular to the 
directrix MM'. Draw PN perpendicular from P upon OX. 

Then SP==PM^X'N~ X'S+SN-2a+x 
Then OP* =x*+y* «(*+2a)» 

y® *»(x+2o)® — X® •• X® +4ax+4a® — x® 
y® = 4a(x+a) is the required equationf 


V-5. To find the equation to the parabola having the 
point (<, fi) as focus and the line lx+my+n">0 as directrix. 


Let P (x, y) be the moving point. Here 5 (<, fi). 

Let PAf= length of perpendicular from P upon the 
directrix. 


Then PM 


Ix+my+n 


NowSP*-PAl» 




i.e., [(x-<)»+<y-/J)*](l®+»n®) 

*»(lx+my+n)* is the required equation. 
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■>V>6. To trace tihe paraboUn 

(l/x-Ay^+By+C 
(a y-Ax»+Bx+C 


(1) y“+| 

^ ^ 4a» A A^4A2 




fla-4A( 

4Aa 


Change the origin to [”^- 4 ^^* 
xk^*% B®“"4AC JB 

V. 

The equation of the pasabola becomes by making x', y' 

current co-ordinates y* = 4 . a: so that the parabola ( 1 ) has 

A 


vertex 


axis of the parabola is parallel to x-axis. 

*-|-A • 

B\a_lL , B3-4AC\ 

r+aA) "aI’'+-4a5-) 

changing the origin to ^® 


transformed equation x^^- y. 


Hence the equation represents a parabola whose vertei 
I - ^ and axis parallel to axis of y 
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ILLUSTRATIYB 

Ex. Find the equation to the parish ndiose vertex is ■ 
the point ( — 1, 1) and whose directrij|, is the straight line 
je+y+l“0 

Let P {x, y) be a point on the parabola 
SP“ =■ (focal distance) • *» (*+ 1)* + - 1) *. 

{PMy ^[distance of |^e point (x, y) from the directrix] ® 
_r x+3?+1 1°_ p+3>+l' |“ 

Wl»+12J L J 

5P2-PiWa gives 

x’^+y<‘+2x+2y+2^Ux*+y^+2xy+2y+2x2 
2(x*+j»*)+4ji:+4j»+4s»j:*+y*+2xy+2y+2x 
x^-i-y^ —2xy+2x+2y+4mm0. 

V-7. The points of intersection of a straight line with 
the parabola and the condition of tangency. 

•The co-ordinates of the points of intersection of the 
straight line y=sinx+c and y^B4ax can be found by solving 

the equation. < 

{mx+cy^iax. 

nt:«®+2A:(mc-2a)+c®«*0 gives two values of*Ji: corres- 
ponding to 2 points of .intersection of the line y=inx+c 
with the parabola. 

If the line is tangent, the two points of intersection 
coincide and hence the equation (1) must have equal roots. 
The condition for equal roots 

4 (me - 2<t)® = ^ c® ' 

m®c® — 4 omc+4a*'=»m® c* 
a 

Ca» — 
m 

Hence y*am*+ - always touches the parabola for all 
m 

values of m* 
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Ex. Obtain the equation to tangent to the parabola 
•"4ax which make aiagle of 60° with x^raxis. 


Let the equal;^n of Jkngent y> 
Now mwtan 60as/S 


T 

ftni 


■mx+— 

m 


The equation of tangent y— s/^. x+-^ 


V~8. To find the equation to<the tangent to the para- 
bola y* «4ax at (xiyj). 

Let P(xiyi) Q(x 2 ys) be any two points on the parabola. 
The equation to the' straight line. PQ is 


y-yi 


-yaiiyi (x-xi) 

Xq Xi 


(A) 


Since (xiyi) (xaya) are points on the parabola 
y^ = 4axa 
yi^=°4dxi 

. ya~yT - 4a 

X2~Xi ya+yi 


from (A), we have 
4a 


y-yj. 


ya+yi 


(x-Xl)* 


( 1 ) 


If (*iyi)> (^sya) coincide then PQ becomes tangent, 
then equation (1) becomes (on puttiifg yj =y 2 ) 


yyi-yi*“2a(x-xi) 
yyi ®=2ox — 2axi-|-yi® 

«'2ax— 2<tXi+4axi [v yi®*4axi] 
yyi = 2a(x+Xi) 

Cor. - Find the point of the contact of the tangent 

y«mx+ — 

■ m 



eo 
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Compainng it with the equation y^x 

-£L 

m 


1 m 


aI xi* 


*Zax+2axi 

a 

2J 

■ — • 

m 


A the point of contact is 



Ex. Pind the point %f the parabola y^^lZx at which 
the tangent malseB tiO* witb x^is. 

Here m*tan 60 ‘=is /5 and 4 asl 2 


The point of contact 



or, [1, 2s/S]. 

V-9i. To find the equation of the normal of the para- 
bola y***4Bxat(xiyi). 

We know the equation to the tangent to the parabola. 
y*»»4ax. , 

yyi»2<i(x+xi) (1) 


m of the* tangent- 


yi 


1 

Let the equation of the normal at (xi, yi) 

y-yi-m'(«-*i) (2), 

Condition of perpendicularity of ( 1 ) and ( 2 ) 


m' 


Vi/ 


m' 


2a 


/. The equation of the normal at (xiyi) 


^ we takemos-j^ or, yi“-" 2 am, 

then, 4 axi«=y^ or, * 1 “";^ 4 ^“ * 

The equation of the normal at (am*, - 2 aw) becomes 
y+Zqmrntnix-am^) or, y-amx- 2 <«n-am®. 
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Bxereises S 

1. Find the equstioMto the parabola whose focus (9, 8) and 
whose directrix is the s»ight line a - 4v+SaO, 

2. Find the equatijt of the parabola with focus (a, b) and 

directrix -+?« >1. 
a 0 

8. Find vertex, axis and latus rectum and focus to the para- 
bolas (i) »“«=i4(I5+4» 

(ii) y“=4j/-4«. 

4. Write down the equation to tangent and normal to the 
parabola y*=^9x at (4, 6). 

6. Write down the equation to tangent and normal to parabola 
y‘^12x at the end of latua reetam. 

6. A tangent to the parabola y*=>ix makes 60° with the 
axis, find the point of contact. 

7. Prove that the straight lines touches the 

parabola {/*=4aa!'if ln=am‘. 

8. Find the points of the parabola y*=4o!c at which (i) the 
tangent and (ii) the nonnal fs inclined at angle 30 ° to the 
axis. 

9. The parabola y‘=*ipx goes through the point (3,-2). 

Obtain the length of latus rectum and the co-ordinates of the 
focus. • 

10. Find the equation of the parabola whose focus is at 
origin and directrix is the straight line 2x-\-y - 1=0. 

11. Prove that the straight line «-J-y=l touches the para- 
bola j/® - {/+®=0, Find the point of contact. 

12. Knd the point of the parabola y*=4fl® at which normal 
is inclined at 30° with the axis. 

13. Prove that v-hSa is tangent to the parabola 2r®=4a®. 

14. Find the equation to parabola 3y'=4® which is perpen- 
dicular to the lino 3®+4f/+B=0 and determine the point of 

a 

contact. 

16. (i). Obtain the equation to tangent and normal to the 
parabola v'=‘4a® at the point (am*, 2am), * 

(ii) the normal to the parabola at (ami*. 2ami) meet the 
curve again at (ams*, 2ams). Prove that mi*+mima+2B>0. 
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CENTRAL CONIC SECTIONS 
Ellipse and HyA^bola 

VM. An ellipse is a conic section of whiah the eccentri- 
city e is less than unity and we define it as follows : 

An ellipse is the locus of a point which moves in’ such 
a manner that its distance from a fixed point, called locus 
bears a constant ratio^ which is less than unity to its 
perpendicular distance from a fixed line, called the directrix. 

A hyperbola is a conic section of which the eccentricity 
e is greater than unity. We define it as follows : 

A hyperbola is the locus of a point which moves in such 
a manner that its distance from a fixed point, called the 
focus bears a constant ratio e which is greater than unity 
to its perpendicular distance from a fixed line, called the 
directrix. 

Both ellipse and hyperbola are central conic sections 
because any chord (straight line joining any two points on 
the curve) is bisected at the centre. 

VI-2. The equation of an ellipse referred to the directrix 

and the perpendicular from the focus upon the directrix 

#» 

as axes. 



Let S be the focus, M.M.' the directrix and e (< 1) the 
eccentricity of the ellipse. 

From S draw SZ perpendicular upon MM' 
and let Z5«c. 
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Let ZS and ZM. be the axes of releience, so 5 is the 
point (c, o). A 

Take P any pointM^ y) on the ellipse and draw PM 
and PN p^^endicwars to ZM and ZS, (produced, if 
necessary). 

Then, from definition, 

SP-me PM=‘e ZNb 

or, SP^‘^e^ZN» 

or, (* — c)®+y®»e*** ••• (1) 

which is the required equation. 

VI-3. The equation of an ellipse in standard form. 

From (1), when j>=0,. 

or, x — c‘=±ex 

i-e 

showing that the ,^-axis meets the ellipse in two points 

A and A', where ZA=^, ZA'»-^. 

1+e 1 — e 

LetAA'=2a. .-. 20=:^^-^==:^^. 

1 — e 1+e 1-e* 

or, c“(l -c®)**—- — flc. 

e e 

If C be the middle point of AA', we have 

Changing the origin to C- » Oj > the equation (1) 

becomes, ^x+^—^+ae^ 

or, jc®(l— e®)+y®=a®(l— e®). 

a® o®(l-e®) 


= 1 . 



m 


Now Ipt a* (1— (V tf<l) 
The equation becomes 


** 



1 . 


Co^. I. 

m 

Cor. II. The length of the focal chord perpendicular 
to the axis is called the latus rectum. Its magnitude is 
obtained thu^ : If we put x^ae^cs in the equation of the 
ellipse we get 




6* 


»l-e* 


a® 



So that semilatus rectum = > 


62 

a 


Latus rectum » 



a 


Cor. IIL From the equation to the curve, it is se 
if 3^) be a point on the eflipse, the points ^y\ ( 
and —y) arc also points on it. Hence th^ ellipse is 
symmetrical about both the axes. So the ellipse has a 
second focus and a seednd derectrix. 


Vl-4. The equation of the ellipse having centre (<, P) 
and axes parallel to the axes of co-ordinates. 

Let C (<, P) be the centre of the ellipse, and let the major 
axis of length 2a be parallel to x-axis and the minor axis of 
length 26 be parallel to y-axis. Let (x, y) be co-ordinates 
of the moving point P with reference to axes parallel to 
axes of co-ordinates and origin C U, P) 

Then x^<+X,y^P+Y 
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Now the equation to the eUipse 
ori^ {k, P) 

X* 


to 

i 


with reference to 



Pig. 81 


origin 


The equation of the ellipse with reference to O as 

{x-<YAy-py^i 

- 62 


VI-5. The general equation of, ellipse. 

Let S (<, be the focus and lx+my+n=0 be the equa- 
tion of the directrix. Let P (X, Y) be a point on ellipse. 
Then by definition of ellipse * 

SP=ePM where PM = Length of perpendicular from 
the point P upon the straight line Ix+my+nz^^O 
_lx+my+n 


J 


A SP^^e’^PM* 


(x-*)2+(y-^)’’= 


gr lx+my+n l^ 

Ls/P+m®-* 


Making (X, Y) current variable co-ordinates we get the 
equation of the ellipse 

[(x-t)*+0'-/5)*]“c“ {Ix+my+ny 
5 
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ILLUSTRATIVE EXAMPLES 

Ex. 1. Find the equation to ^ ellipse referred to its 

axes as axes of co-ordinates wh^e majq}: axis is § and 

1 9 

eccentricity is —= • Here a= 

v3 4 



92 = 


1662 

81 

2 27 

x0rx 


16 


27 

8 


Equation of ellipse 



1 


16x2 8y2_ 

81 27 


16x 2+243»2=81 is eqn. of ellipse. 


Ex. 2. Find the equation to the ellipse whose focus is 
(- 1, 1) and directrix is x— and eccentricity is 

Let P (x, y) be the moving point 
Then SP=ePM 

SP^=e^PM^ gives 

^1 (x-y+3 )2 
* 4 * 2 


8[x2+y2+2x-2y+2] — (x-3;+3)2 

= x2 +y2 - 2xy-H6x - 6y +9 
Tx® -h 7y 2 + 2xy 4- lOx — lOy + 7 »» 0 


Ex. 3. Find the latus rectum, eccentricity and co- 
ordinates of the foci of tbte following ellipses : 

(i) 16x2+9y2*-144 (ii) 4x*+3y2 — 6y — 9*»-0 
(i) The equation can be reduced to the form 
** 1 
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3o that <1^=9, 6®»16 [semi major axis >■ 4 

semi minoi; axissS] 
a3 ^ ^ 7 

62 ^ 16" 16 




Latus rectum ■= 2^* - 2 . 

6 4 2 ^ 

Here major axis is **=0 
‘Co-ordinates of foci (0,±e6) 

(0,±^~^X4) or, (0,±^/7) 


{ii) 4 x2 + 33;2 -63;=9 

4;e2+3(3;2_2y+l) = 12 

% 4 ^^ =* 1 so that centre (0, 1) 


Changing the origin to (0, 1), the equation of ellipse 
, 3 4 


Foci (0,^.2), 

} 

or, (0, 1) referred to the new origin 

Foci (0, 0) referred to the old origin 
The focus is at the origin. 


VI>6. The standard equation of the hyperbola. 

Let S be the focus and MZ the directrix, e the eccentri- 
city. 

Take CA^a since e>l, 

and CZ “ - CS — ae 

e 
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Z will be on the left side of At and Swill be on the right side 



Fig. 82 

By definition of hyperbola SP » ePM 

SP^ =ie^PM‘ and S (ae, 0) 
(x~aey+y^=e^ ZN^^ii P be the point {x, y) 
= eHCN-CZy , 

x^~2aex+a^e^+y^=e‘x^ — 2aex+a^ 
a^ie^-l)=‘xHl-e^)-y^ 

3 ^__ 

Taking b^=a^ (e^ -» 1) 

^2 “U ^ 

The equation becomes ““ ^2 ~ ^ 

L2 

and - „=e® —1 which is positive V e>l. 

So that 

From the equation ^ ~ ^ ~ ^ 

aS a^(e^ - 1) 
;j.a(ea_i)_y3 = a2(ea_i) 
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or, jf®+a*e®+y*»a®+e®jc* 
or, («+ac)*-^y*=c* (■*+^* 

t>., {CN+CS'Y+PN^^-e^CN+CZT 

S'JV«+PiV2-e®Z'N* 

S'P* = e'^PH’^ 

Distance of P from S'=ex distance of P from Z'M'. 
Hence the curve might have described with S' as focus and 
Z'M' as directrix. 

So that the hyperbola has a second focus and a second 
directrix. 

The line AA' is called the transverse axis of the 
h 3 ^erbola. If two points B and B' are taken on the y-axis 
such that CB<mCB'^b, then the length BB' is conjugate 
axis of the h 3 rper\)ola. 

Lotus rectum is the length pf the focal chord perpendi 
cular to the transverse axis. 

From = 1 

when x»ae 1- 0=1 ^ 

o* 

-y2-(l-e2)&2 

y2 = 6*(e«-l)=62^ 
o* 

L2 

Semi latus rectum=y= 

a 

T . 26® 

/, Latus rectum B — 
a 

VI-7, (a) The condition of tangency of line y=mx+c to 
the ellipse 

0 

The co-ordinates of the points of intersection of line 

y=mx+c and ellipse = 1 can be* obtained by 

a " 

solving. 
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The A^co*ordinates of the 

MerooBof^+(5^-l 
a* 6® 


\ 


oints of intersection 


6® jc* + a*(jn®a:® + 2m*c + c®) =» 
A:®(o®m®+6®)+2m*a®c+o*(c®-6®)«0 - (1) 

The Knc will touch^thc ei^pse, if two roots of (1) are 
equal. 

Then (2mca®)® - 4a®(c* - b®) (a*m® + b® ) — 0 
or, m®c®a^ - o®(o®m®c® + b®c® - a®b®m® — b^)=0 
or. m®c®a® -m*c®a®-b®c*+a®b*m»+b^«0 
b®(o*m®+b®)-b®c* 

c®=a®>n®+b® which is the condition of tangency. 
Putting value of c, in the equation y=mx+c we have 
y=m*+i.ya*»i®+b® always tquches the hyperbola. 


(i) The condition of tangency of the line y=mx+c 

X* V® 

to the hyperbola g ~ l- = 1 can be found by changing 
fl* 0 

— b® for b® in the above article. 

the condition of tangency c® «a®»n® - b®. 


Vl-8. Find the equation of tangents to (i) the ellipse 
(ii) the hyperbola at (xiyj). 

(i) Let a+^ = l be equation of ellipse, 
a* O'' 

Let {x^y^) be the any equation of the chord of 

the ellipse. 

Since (xiVi) is a point on ellipse ^+^*"1 

D 


. (x^-x^) _ _ y^-yi 



Ti 

^^Etz£iifeEa±£Ei) 


-r-j 


ya yi-, -g* Xfi+xi 
Xg-Xi .«* ' ya+yi 

Now, equation of J?Q, a line joining (xiPi) and *aya) 
is y — (x — Xi) -■■ 

Xq ^Xx 

If PQ be tangent, two points P, Q coincide ultimately, 
o that (xg=*Xi_f Vz^yi)- So that (1) becomes 

— -S -g-; ('-**> 

yyi_3^_ 

b2 62 a® a® 

• ^4.yy*«:£L4.^£,l 

•• a2 ^ 62 o2^ 6\ 

. C *•’ (*iyi) js a point on ellipse] 
Equation of tangent at (* 1 ^ 1 ) 

= l ... *... (2) 




(ii) Similarly we can find the equation of tangent to 
hyperbola |a-j 2 = l 

at (ATiyi) by putting — b® for b* in (2), 


VI-9. Auxiliary circle and eccentric angle. 

If we draw a circle with major axis A A' as diameter, 
then the circle is called the auxiliary circle. If the 
ordinate of any point P viz. PN be produced to meet 
the auxiliary circle in Q, then ZQOA*©*® eccentric 
angle of P. 

ON^a cos 0aajc-co-ordinate of P 
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If we put xma cos © in 

a* b%l 

cos* e , 1 

^2 ■»'62-^ 

1 — cos*©® — sin®© 
y^b sin ©. 

Thus if © be the eccentric 
angle of the point P, then 
co-ordinates of P are (a cos ©, 
b sin ©). 

Thus the equation of 
tangent, in terms of ©, the *’*«• 

eccentric angle can be obtained by putting ;visacos©, 

yissfesin© in the equation of tangent ^^+^—=1 

a® 6® 

X , a cos © _i_ y . i> sin © _i 

a® fc* “ 

X cos 6 ^ y sin © _ 
a b 

VI-10. To find the equation to the normal (i) to ellipse 
(ii) to the hyperbola. 

We have the equation of tangent at 

xxi.,yyx_, 

a® ^ 



yyi xxx_i_-i 

b* a® 

so that m of the tangents — - 

yi 


( 1 ) 


6* 


Let the equation of normal at (xiyi), a straight line 
through the point (jfiyi) 

■ y~yi=ffiXx — xi) ••• ••• ( 2 ) 

A Condition that (1) & (2) are perpendicular 
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m 




fe* 

.* Equation of normal at {x^yi) 

2 

putting m' =~ . — in (2) ly^omes, 

U X 2, 

y-yi-*-*' 

yi 

62 o2 

6*y „ 

or, — —jLaa^-~b^ 

xi Vi 

(ii) Changing 6* to - 6^, the equation of normal at 

(xjf yi) on the hyperbola': is ^-^+^-2i=a*+b*' 

x^ Vi 

[ If we take (*i yi) as (a cos 6, b sin e), so that 6 is the 
eccentric angle of the point. 

The equation of normal at (a cos 9, b sin 6) on the 
ellipse becomes 

= y — 6 sin 9 x~a^s_9 

b sin 9 Cl cos 9 


6* 


a* 


by cosec 9 — b^^ax sec 9 — a^ 

Equation of normal 

a;c sec 9— by cosec-0=a* — 6®] 

ILLUSTRATIVE EXAMPLES 

Ex. 1. Find the points on ellipse 2x* + Sy® *= 11 at which 
tangent is parallel to 4x— 3y+5=0 


,y2 

The equation of ellipse, 5*1 

So that a®«=^, 6®-^ 
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Equation of any tangent. 

y=>mx+s/^a-^i^b^\ 

Here y=mx+s/ijL m*+^ 

This is parallel to 

3y=4*+5 or, y=t*+f. 
So that C 

* The equation of tangent 


3'= 


3 3 


4^—33; <“11 

4* 33 ; 1 

11 ii ^ ■■■ 


• • • 


( 1 ) 


The tangent at to ellipse 



putting 


or. 


2 ^, 3yyi_, 


( 2 ) 


Compairing (1) & (2) *i"2 


_ 3 =3?^ 
11 11 


yi* 


-1 


Point of contact (2, - 1) 

Ex. 2. Find the equation of tangent and normal to 
ellipse 3 a;® + 43 ;® = 48 at (2, 3). 

Equation of ellipse •’ 


Now equation of tangent at (*i 
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The equation of tangent ^t (2, 3) 

^8 4 

or, x+2y^8 is the required equation of tangent. 
The equation of normal at (xi Vi) 
y—yi _x^z^ 

Xx 

6» a* 

y-y\ ^ x~x^ 

Vi Xi 

12 16 

Equation of normal at (2, 3) 
y — 3 _ a;-2 

ifiy A 

or, 4y-12“8A:-16 

Divide by 4, ^ 2 a; — ysal is the required equation of 
normal. « 

Ex. 3. Find the equation of the ellipse (referred to its 
axes as the axes of x, y respectively) which passes through 
the point (~‘3y 1) and has eccentricity iv/f. 

Let the equation of ellipse be* 

1^2 <ij2 

• ^ =1 


Since it passes through ( — 3, 1) we have 

L2 /? 

Also we have the relation c“=l — ^ and e«./^ 

a® V S 


A ^ 


a® 


• ^“-1- 

2=3 



3 5 

or, 

b2»|a2 


or. 

1.5 1 

6= S • flS 





••• 


and 
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The recluired equation of the eUi|>se 



or, 3A;“+5y2*32 


Ex. 4. Find the equation of the hyperbola if distance 

between 2 foci ■■16 and eccentricity^NyS- 

C 

Now, 2<ze>> distance between 2 foci >■ 16 
ae=8 


• a=~“— =4,J5 

Again, *“=6® -1=2 -1=1 
a 


6= = a2=.32 

The equation is, 32 ~g 2 ‘“l 
or, jf® — y*=32. 

Ex. 5. Find the equations of tangents to the ellipse 
Jt*+9y®=2 which is perpendicular to the line 3A;+4y+l=0. 

Equation of the ellipse ir+ 2 *“l 

I 2 fr 


The equation of axes tangent y=mx±\/o2^2+fe*, 

taking a® = 2, 6®=f we get, y=in*±iv'2m®+|*-(l) 
This is perpendicular to 4y= — 3x+l 

or, y= -|*+i (2) 

The condition of tangency of lines (1) and (2) 
in(-|)--l 
m-f 

Hence the equation of tangent (l) becomes 
on putting »n=| 


y 3 

3y=4A;±i^Si is the required equation 
of the tangent. 
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Exercises 6 

1. Find the oo-ordinasea ot tooi, eooencrioicy ana equation 
of direotrixes of Kte following ellipses : 

(a) 9a?* + 25|/“ = 226 

(b) = 1 

2. Find the equation of the ellipse whose latus rectum is 5 

and eccentricity is f. • [0. TJ.] 

3. Find the equation to the ellipse whose centre is at ( - 2, 3) 
and whose axes are 3 and 2 and whose major axis is parallel to 
the axis of x. 

4. Find the eocentrioity of an ellipse, if its latus rectum be 
equal to i its minor axis. 

5. Find the equation of the ellipse whose loci are (4, 0) and 

( ” 4, 0) and whose eccentricity *■ i. 

6. Find the equation of the ellipse whose focus is the point 

( - 1, l) and whose directrix a; - j/ + 3 = 0 and whose eccentricity 
is ^ , [0. U. 1952] 

7. Find the equation of tanjent and normal at (1, f) of the 
ellipse 4ir ® + 9i/ * = 20. 

8. Find the equation of tangent and normal to the ellipse 

9x^ + = 144 at end of latus rectum. 

9. Prove that the straight liAe y^x-^ x/tut touches the 
ellipse 3®^ + 4|/® = 1. 

10. Find the equation to the tangent of the ellipse 4a;® + 3i/® 
■■ 5 which are parallel to the straight line t/ = 8® + 7. 

11. Find the tangent and normal to the ellipse 2®* + 9i/® = 12 
at the point (2, |). 

12. Find the equations of tangents to the ellipse 2ir® + 3y* 
■= 1 which are parallel to the line 2a; - 1 / + 3 ■“ 0. 

13. Find the eccentric angle of a point on the ellipse 

35 ® 1 / ® 

- + V = 2 at a distance 3 from the centre. 

o 4 

14. Find the equation to the hyperbola whose conjugate axis 
is 5 and distance between whose foci is 13. 

15. Find the equation to the hyperbola whose conjugate axis 
is 7 and which passes through (3, ^ 2). 
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16. In the hyperbola 9y* ^36. find the a zi8« the co- 

ordinates of their foci, the eoeentrioitC and the latus reotnm. 

17. Find the equations of tangents igo the hyperbola which is 

parallel to line 4y *= See + 7. ^ 

18. Find the equation of tangents to hyperbola » 40 

which is perpendicular to line 2aj - + 3 * 0.. 

19. Oaloulate the eooentrioity and the position of two foci 

JB* G* 

of the hyperbola 1957] 

20. Find the equation to the hyperbola whose foci are 
(-1,3) and (6, 3) and whose eccentricity is 

21. Satisfy yourselves that the line 6x-3y^8 J2 is a normal 

/p ® 

to the ellipse ^ 9 “ 

22. Find the equations to tangent to ellipse — 2 

which are perpendicular to Sas + y + 1 ** 0. Find the point of 
contact. 



APPENDIX (A) 


0 g,S 

X. Tne eqnatioD (#ihe chord of an eUipae -i+ra=»l join- 
^ a o 

ing Uit yiYjefva). 

Equation of any straight line, joining (art Vi) (x« Va) is given by 


V-»i ^ ar-art 
Va-gi”**-®! 


Also since (art Vi) (®9 Vs) are pmnt on ellipse 


5 x! 4 .E 9 !*i 
a* + 6* ^ 


®A: + Vi: = t 


by subtraction, — 5^^ + ^ =0 

0 ) 0 

(Vl + Vs) (1:9 -Vl) ^ _ (»2 “ ®1 )_(* 9 ±®l) 

Multiplying (l) by ( 2 ), we get equation of chord joining 
(xa Vs) (®ii Vl), points of the Ellipse 

(y - Vl) (vi + Vs) {s^-xi)^aj!:jBi) 

6" “ ■* o* ••• 

Z. The equation of chord hi^ving (a, jS) as its middle point. 
If («, 0 ) be middle point of joins of (®i yt) (®2, Vs)' 

From the equation ( 3 ) 

2 J 3 + 2 a = 0 

6 o 

+ 4 . Vii? u) 

add o 

Since (a, 0 ) is a point on this straight line then putting a, 0 

i • iA\ H^ ,yi 0 

forar, vin( 4 ) ^ + js* 

So that the equation (4) becomes ^ + if = *9^ 

a 0 d ^ 0 



80 


OO'OBDIHAXB aBOMBTBT 


Cor. Similarly the equation of ohdrd of the hyperbola 

-i-T 9 = l at(a, j8) “1 is given by 
a o 

5? 1L§ §1. 

a*" 


8. Diameter and conjugate diameter. 

The loous of middle points of system of ohords paraUel -to 
the straight iP a straight line passing through the 

centre* Such straight line is called the diameter of ellipse with 
regards to snoh chords. 

If {a0) be middle of a chord • then equation to such chord is 
a^^ b^^a^ 

Now this chord is parallel to y^mx 

ct b^ 

ifheref ore, m — - - . 

P a 

Making (a, j8) current, the loous of middle point (ajS) of 
system of ohords parallel to y = mx is 




y a^ 


y= ^ a; (i) which is the diameter with regards to 

a m 

ohords parallel to y — mx ^ 

If equation of (i) can be put in the form y = m'x 

So that 

a m ^ a^ 

The symmetry of this result proves the following : 
y = jnx be the loous of middle points of all chords parallel to 
b* 

y = mxt where mm' = 2 y = mx be loous of middle points 

a 

of all ohords parallel to y = m'x. 

Thus diameters y^mxt y = m'x are such that each 
bisects all ohords parallel to the other, suoh straight lines 
y^^mXt y = m'x are called the conjugate diameters. 

4. The equation of auxiliary circle. 

a;®+]/®=a* represents a circle with the major as diameter 
called the auxiliary circle. 
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5. The eq^aUon ^ direeioT eirole 0 / elUi^. 

The equation of Jay tangent 

y*«»a!+ ^/a•^»■ + 6• — (1) 

Equation to any straight line, perpendionlar to (l) will be 

found by taking 

» 1 • 1 
»»=» — or, «» = — 7 

m mi 

. The equation of tangent perpendicular to (i) 

= ... ( 2 ) 

or, my+aj* >Ja* + b*m* ... (3) 

and, from (1), •Ja*n* + b‘ ••• (4) 

Squaring and adding (3) and (4) 

y*(l + «»•) + *•(! + m*) =a*OT* + 6* + a* + b’m* 

*a*(l + m®) + 6*(l + »»*) 

•*. Locus of points of intersection of two perpendicnlai 
tangents is given by ( 

+ y* =a* + 6* which is equation of director circle. 
Cor, Similarly by the equation of the director circle of 1 
hyperbola can be easily obtained by putting - b* for b*. 

, The equation of director circle of hyperbola 

d 

APPENDIX (B) 

1. Different kinds of hvfierbola. 

flC* I#* 

Iq the hyperbola, ^ ^ 1, if the transverse axis and con 


jugate axis are interchanged the hyperbola is called conjugat 


. U - 1 _ 


mi** 

Thus n-T^l 
b o 


or. 


a* y* 


is the equation of the conjugate hyperbola 
Ex. If e and «' be eccentricity Of a hyperbola and itt 

conjugate show that -t* + “i 
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be e^naiions of a hyperbola and its oonjogate 


..a« a* + 6» 


So that -1+-T1 
«• e ’ 


6» a» + 6* 
■o* + 6»'^^^+fc5"'o* + 6* 


2. Asymptot$s, 

Asymptote is defined to be a straight line lying not wholly 
at infinity cutting the curve in two coincident points at infinity. 
Let y^mce + o be equation of the asymptote to hyperbola 

o*“6* ^ 

SB ^ o) ^ 

Then ^ p — = I gives the rs-oo-ordinates of the 

points of intersection of the asymptote with the curve hence 
must have infinite values of x. Then coefificient of x^ and x are 
separately nero. 

1 m* « , 2 too ^ ^ . . b 


1 m* „ , 2 too n 

o“" fc* 


»»= ± 


Hence y= ± - x are asymptotes, combining two equations 
a 




cc* 1/* ^ 


3. Bectangular hyperbola. 

If two asymptotes of a hyperbola are perpendicular, then 
the hyperbola is called rectangular hyperbola. 

We have equation of two asymptotes. 

If 6*=“a®^ hence the equation of the rectan- 

a\ a/ 

fplar hyperbola is 7a-fa“l or, x*-y*-a* 
a a 


I (epcentriolty of rectangular hyperbola) is given by 


>*"*l + ra*-l + ri~3 
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DEFINITIONS 

1. (i) A point has no magnitude nthat is to say, neither 
length, breadth nor thickness. 

(ii) A line has length without breadth or thickness. 

(iii) A surface has length and breadth without thickness. 

(iv) A solid has length, breadth and thickness. 

Hence, a point is said to be of no dimension 

a line of one dimension 

a surface of two dimensions 

a solid of three diniensions. 

\ 

2. A solid geometry treats of properties of solids, 
surfaces, lines and points in Ipace and also of their mutual 
relations. It is also called the geometry of three dimensions. 

3. It is seen from the defihitions that solids, surfaces 
and points are related to one another : 

(a) Solids are bounded by surfaces. 

(b) Surfaces are bounded by lines and they meet in lines. 

(c) Lines are bounded by points and meet in points. 

4. A plane is a surface such that the straight line 
joining any two points in it lies wholly in the surface. 

5. Straight lines are said to be coplanar if they lie on 
the same plane. Two coplanar straight lines may intersect 
at a point or may not intersect, if produced indefinitely 
beyond both ends. Two straight lines are said to be 
parallel when they are coplanar and do not meet if produced 
indefinitely beyond both ends. 

6. Straight lines are to be skew if no plane can be 
made to pass through them. 
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7. Planes are said to be parallel when they do not meet 
though extended indefinitely. 

8. A straight line and a plarte are s^d to be parallel 
when they do not meet though both are indefinitely 
extended. 


9. A straight line is said to be perpendicular or normal 
to a plane when it is perpendicular to every straight line 
which meets it in that plane. 


Thus the st. line OP is perp. to the plane XY if it be 
perp. to the st. lines OA, iP 

OBt OC'-’ all drawn through 
the point O in the XY. 

10. When two planes 
intersect along a st. line, 
they are said to form a 
dihedral angle. A dihedral X ^ 

angle is measured by the pfane angle contained by two st. 
lines drawn from any poiry: in the line of section at right 
angles to it, one in each plane. 



Thus, the planes AB arid cD intersect along the straight 
line AC. From any point O in AC, st. lines OP, OQ are 
drawn perp. to AC, one in each ' ^ 

plane. The dihedral a#igle formed 
by the planes is measured by the 
dPOQ. 

11. The projection of a point 
on a plane is the foot of the per- 
pendicular from the point to the 
plane. Here the projection as 
defined is called the orthogonal projection. 



The projection of a line on a plane is the locus of the 

feet of perpendiculars drawn from all points on the given 
line to the plane. 
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It can be proved that the projection of a straight line 
on a plane is itself aastraight line. The angle which a 
straight line makes mth a plane is 
measured by tife angle between 'the 
straight line and its projection on the 
plane. The length of the projection of 
a straight line AB on a plane is AB 
cos 6, where 6 is the angle which 
line makes with the plane. 

For, o&=AB'“AB cos 0. 

Axioms 

1. One and only one plane passes through a given line 
and a given point outside it. 

2 If two planes have one point in common, they have 
at least a second point in common. 

From the firsts axiom, it at once follows that one and 
only one plane may be drawn through two intersecting straight 
lines. ’ 

For, let the two straight lines AB and CD intersect at O. 

Now C being a point outside'^the straight line AB, one 
and only one plane may be 
drawn through the straight 
line AB and the point C. 

Again the point C and the 
point O in AB, being in the 
plane, the straight line CD 
must lie in the plane so drawn. Fig 4 

Theorem 1 

Two intersecting planes cut one another in a straight and 
in no point outside it. 

Let PQ and XY be two x- 
intersecting planes. 

It is required to prove that 
the planes PQ and XY cut 
one another in a straight line 
and in no point outside it. ^is- ^ 





Fig. 8 
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Proof. Let A and therefore B be two points l 3 dng on 
the common section of the two pla^s. 

Since A and B lie in both ^nes PQ and XY, the 
straight line AJB lies wholly in both the phfftes, that is, the 
planes intersect along a straight line. 

There can be no other point outside the straight line 
AB common to both the planes. If possible, let C be such 
a point. So two difD^rent planes can be drawn through 
the straight line AB and the point C outside it, which is 
impossible. 

Hence two intersecting planes cut one another in a 
straight line and in no point outside it. Q. £. P. 

Exercises 1 

1. Show that any number of straight lines through a given 
point and intersecting a given straight line are coplanar. 

[C. U. 1954] 

2. If any number of parallel lines be cut by a common 

transversal, they are coplanar. i [C. U. 1916, '21] 

8. Prove that any three planes, which do not pass through 
a common straight line, cuh one another in straight lines which 
either meet at a point or are parallel. [0. U. 1911, ’24] 

Theorem 2 

If a straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection^ it is* perpendicular 
to the plane in which th^y he. 

Let the straight line 
OP be perpendicular to 
each of the two intersec- 
ting straight lines OA and 
OB at their common point 
of intersection O. Let 
XY he the plane in which 
CA and OB lie, 

Pig. 6 
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It is required to pSve that OP is perpendicular to the 
plane XY. 

In the plane XV draw any line OC through O and draw 
the straight line AB to cut OC in C. Produce PO to Q, 
making OQ equal to OP. Join PA, PB, PC and QA, 
QS, QC by straight lines. 

Proof. AAOPsiAAOQ, 

V OP= OQ, OA is common and Z AOP* Z AOQ, 
each being a right angle. 

AP=AQ. 

Similarly, BP^BQ. 

V AAPB«AAQB. 

[ V AP=> AQ, BP^BQ, and AB is common] 

Hence, the ZPAB=the LQAB i.e. d.PAC<^ dQAC. 

Now in the A^PAC, QAC, 

•’ PA=QA, AC is con^mon, and d.PAC^ dQAC 
.*. the A * are equal in all respects and so PC = QC. 

Hence in the A*POC, QOCi^ 

Since PO=.QO, PC*=>QC and OC is common. 

.’. the A * are equal in alPrespects. 

the Z POC = the Z QOC — a right angle 

.*. OP is perpendicular to any straight line OC which 
meets it in the plane XY, that is,* OP is perpendicular to 
the plane of OA and OB. Q. E. D. 

Exercises 2 

1. Pind the loons of a point in space eqnidistant from 

(i) two given points. [0. U. 1915, ’28, ’39, ’47] 

(ii) three given non-oollinear points. [C. U. 1941] 

2. Show that all points on the oironmferenoe of a circle are 

eqnidistant from any point on the normal to the plane of t^e 
circle throngh the centre. [0. U. 1937] 

3. OA, OS, 00 are three straight lines which are mntnally 

perpendionlar. If AD is drawn perpendionlar to BO, show that 
OD is perpendionlar to BO. [C. U. 1952] 
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Theorem 9 

All straight lines drawn perpendicular to ^ given straight 
at a given point are coplanar. 

Let the straight lines OA, OB^ OC be each perpendicular 
to the given straight line OP at O. 

It is required to pr<^ the 
OA, OB, OC are coplanar. 

Proof, Let XY be the 
plane through OA, OB and 
ED be the plane through OP, 

OC. Let these two planes 
intersect along the straight X 
line OD. Pig. 7 

Since OP is perpendicular to OA, OB, it is perpendicular 
to the plane XY and is therefore, perpendicular to the 
straight line OD which meetsjit in that plane. 

But by hypothesis, OP is perpendicular to OC. Hence 
the three straight lines O^, OC, OD lying in the same 
plane are mutually perpendicubr, which is absurd, unless 
OC and OD coincide i.e. OG lies in the plane XY. 

In a similar manner, it may be shown that any other 
straight line drawn perpendicular to OP at O'* lies in the 
plane XY. , Q. E. D. 

Definitions, (i) The direction of the plumb-line through 
a given point in space is called the vertical line through 
the given point. 

(ii) Any straight line drawn perpendicular to a vertical 
line is called a horizontal line and the plane determined by 
any two horizontal lines is called the horizontal plane 
through the point. 

Any straight line drawn in the horizontal plane is per- 
pendicular to the vertical line. Hence it follows that one 
and only one vertical line and an infinite number of hori- 
zontal lines may be drawn through a given point. 

[ C. U. 1916 ] 
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Ezereiies 8 

1. Show there cannot exist more than three straight 
lines in spase which are concurrent and mutually perpendicular. 

[0. U. 1932, '46. '48, ’51] 

2. Prove that a point can be found in a plane equidistant 

from three points out of the plane, ^tate the exceptional case, 
if any. [0. U. 1933] 


Theorem 4 


If two straight lines are parallel and if one of them is per- 
pendicular to a plane, the other is also perpendicular to the 
same plane. 


Let AB, CD be two parallel 
the plane XY at' B and D ; 
let AB be perpendicular to .• 
the plane. 

It is required to prove that 
CD is also perpendicular to ^ 
the plane XY. ♦ 

Join BD and draw the 
straight line DE in the plane 
XY perpendicular to BD. Join B 


straight lines, intersecting 



X 

AE, AD. Fig- 8 


Proof. Since AB is perpendicular to the plane X Y, it 
is perpendicular to the straight lines BD and BE which 
lie in that plane. 


Z ABE is a right angle 

A£2 = AB“+B£2 = AB3+BD»+DBS ( V zBDE is 
a right angle) = AD® +D£*, V Z ABD is a right angle. 

ED is perpendicular to AD. 

But, by construction ED is perpendicular to BD. 

:. ED is perpendicular to the plane containing AD and 


BD. 
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Now CD is a straight line in this^lane, for both AD, BD 
lie in the plane, of the parallels AB and CEL 

ED is also perpendicular to CD. 

Again, because AB and CD are parallel and because the 
Z ABD is a right angle. 

the Z is A right angle. 

So, CD being perpendicular both to DB and DE is per- 
pendicular to the plane XY which contains them. 

Q. E. D. 


Exercises 4 

1. If two straight lines are both perpendicular to the same 
plane, prove that they are parallel. ( Converse of theorem 4 ) 

[Hints : AB, CD are perpendicular to plane XY. With same 
construction and same proof, DE is perpendicular to the plane of 
DB and DA ; given CD is perpendicular to XY perpendi- 
cular to DE /. DB, DA, DC are coplanar and LABD=Sk right 
angle= Z. CDB. A etc. ] ? 

2. Prove that straight lines fn space which are parallel to a 
given straight line are pamlel tt^one another. [C. U. 1929, '35l 

3. If AB is perpendicular ta the plane XY and if from B, 

the foot of the perpendicular/ a straight line BE is drawn per- 
pendicular to any straight lined) in the plane, then the straight 
line AE is also perpendicular to CD. [C. U. 1938, '40l 

I 

Theorem 6 

If a straight line is perpendicular to a plane, then every 
plane passing through it is also perpendicular to that plane. 

Let the straight line OP be perpendicular to the plane 
XY and let AB be any plane 
passing through OP. 

It is required to prove that 
the plane AB is perpendicular 
to the plane XY. 

Proof. Let COB be the 
line of section of the planes 
AB. XY; also let OD be 
>dtawn in the plane XY, perpendicular to the straight line CB. 



X 
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Since OP is perpeijlicular to the plane XY, it is perpen- 
dicular to the^^aight lines CB and OD, both of which lie 
in that plane. 

.*. the Z POD is a right angle. 

But, ^ POD measures the dihedral angle between the 
planes, since OP and OD are both i^rpendicular to the line 
of section of the planes. 

the plane AB is perpendicular to the plane XY. 

Q. E. D. 

Cor. 1. If two planes are perpendicular to one another, 
a line drawn in one of them perpendicular to the line of 
section is also perpendicular to the other. 

Cor. 2. If two planes are perpendicular to one another a 

line drawn perpendicular to one of them at any point 

of their line of section lies in the other plane. 

\ 

Exercises 5 

1. If two interseoting plams are each perpendicular to a 

third plane, their line of sectio^ is also perpendicular to that 
plane. % [C. U, 1952, ’68] 

[Let the planes BP, RQ, intersecting along OB be both perp. 
to the plane XY and let them 
intersect t^e plane XY along 
OP and OQ respectively. 

Draw in the plane XY, OA 
perp. to OP and OB perp. to 
OQ. Then OA and OB are 
perps, to the planes BP and 
BQ respectively, [Cor. 1] 

A OB is perp. to both OA 
and OB and therefore perp. to the plane XY. 

2. Draw a plane perpendicular to a given plane and passing 
through a given straight line not lying in the given plane. 

[0. U. 1917, ’19, ’20] 

[ Hints : Draw a perpendicular from any point on the given 
straight line to the given plane. The plane through the given 
line and this perpendicular line is the requir^ one. ] 


R 
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SOLID FIGURES 


1. A finite portion of space bounded one or more 
surfaces, is called a solid figure. 

If the bounding surfaces of a solid be all planes, the solid 
is said to be a polyhedr^. The bounding planes are called 
the faces and the lines of intersection of adjacent faces 
are called the edges of the solid. 

2. A parallelopiped is a solid bounded by three pairs of 
parallel plane faces. 

A rectangular parallelopiped is a parallelopiped whose 
faces are rectangular. It is also called a cuboid. 

If the faces are all squares the parallelopiped is called a 
cube. 


2. (a) Expressions for 
rectangular parallelopiped. 

By the surface of a solid 
surface or surfaces 


the 

1 


surface and volume of a 




of thepolid 
and by the volume of a sojid is 
meant the amount of the space 
occupied by the solid. We shall 
denote the surface area by 5 and 
volume by V. * 

If a, b, c be the lengths of the 
conterminous edges of a rectangu- 
lar parallelopiped. 

Smm2(ab+bc+ca). sq. units 
V=abc cubic units 
If the solid be a cube of side a, 
S=6a=» 

7= a® 


is meant the total area of the 



B 


3. A prism is a solid bounded by plane faces, of which 
two called the ends, are congruent figures in parallel plfnes ; 
and the others, called the side faces are parallelograms. A 
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prism is said to be rtgfk, if the side'^aces are perpendicular 
to the ends uid so the side-faces of a right prism are 
rectangles. 

As defined, parallelepiped is a 
particular case of prism and a cuboid 
a particular case of right prism, ^he 
perpendicular distance between the 
two ends is called the height of the 
prism. 

3. (a) Lateral surface of a right 
prism. 

■=the sum of the areas of the side-faces ^‘8- 

=the perimeter of cither end x height, sq. units 

Volume of a right prism “Area of either end X height. 

' cubic units. 

Thus if 2s=a-H»-t-c-(- ••••*»» the perimeter 
A^the area of tl^ either ends 
h — the height of the prism 

Lateral surface of the prism = 2sh sq. units 

» F = Ah cubic units 

5= the total surface* the areas of the ends -h the lateral 

surface =2A-l-2sft. sq. units. 

4. A pyramid is a solid bouitded by plane faces, of 
which one, called the base is any rectilineal figure and the 
others are triangles having a common vertex at a point not 
in the plane of the base. 

The pyramid is said to be right when its base is a regular 
figtire and the foot of the perpendicular from the vertex to 
the base is the central of the base. 

A regular tetrahedron ( or a right triangular pyramid ) is 
a particular case of the right pyramid. It is therefore a*'' 
solid bounded by four triangular faces, one of which, called 
the base is an equilateral triangle and the three others are 
congruent issosceles triangles having a common vertex. 


a' 
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4. (a) Expressions for the surfad^ and the volume of d 
regular tetrahedron. 

Let hy the length of perpendicular 
from the vertex to the base = height 
7, the length of perpendicular from 
the vertex to a side of base^stant 
height 

25 B the perimeter of the base and 
Aw the area of the base. 

Lateral surface of the regular tetrahedron Fig. 18 
= stant height X perimeter of the base » Is sq. units 
5 a the total surface— later surfaced* area of the base 
= / 5 +A. sq. units 

area of the basex7»f=ff Ah. cubic units 

5. Sphere* A Sphere is | a solid generated by the 
complete revolution of a s^icircle about its bounding 



diameter as axis. It is evident | 
that the distance of any point 
on the surface from the 
centre is the same. This 
distance is called the ritdius 
of the sphere. 



5. (a) Expressions for the 
surface and the volume of a sphere. 

Let JR be the radius of the sphere 

5, the surface =4)t2?* sq. units 

F, the volume cubic units. 

6. Right circular cylinder. A right circular cylinder 
is a solid generated by the revolution of a rectangle about 
one of its sides as axis. Hence the twd ends, called the 
bases are circular and the length of straight line joining the 
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Fig. 16 


centres of the ends is called the height. All sections of the 
cylinder by planes pai^llel to the base are a circle and every 
section para^l to the axis is a 
rectangle. ^ 

6. (a) Expressions for the surface 
and volume of a right circular 
cylinder. 

Let h=the heigt of the cylin(^r 

r=the radius of the base. 

The lateral surface ( i. e. the 
curved surface ) 

= perimeter of the base X height 
^2xrh. 

S ( the total surface )-area of the curved surface + the 
areas of the bases =2wr/i+2Tr®=2w ( h+r ) sq. units. 

F=area of th^ basexheight=m'®/i. 

7. Right circular cone. A right circular cone is a solid 
generated by the revolution pf a right-angled triangle about 
one of its sides containing thf^ right angle as axis. Hence it 
may be generated by a straight line one of whose ends is 
fixed and the other end n^ves 
along the circumference of a 
circle. Xhe fixed point is called 
the vertex and the straight line 
joining the vertex with the centre* 
of the circular base is called the 
axis. The length of this axis is 
the height of the cone. The 
angle which the generating line 



makes with the axis is calledthe Fig. 16 

semivertical angle. By the frustum of a cone, is meant a 
truncated cone. 

7. (a) Expressions for the surface and volume of a rights 
circular cone. 

Let kathe height of the cone, r^the radius of the base 
/»the stant height 
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The lateral surface ( i. e. the curved surface )s3»rl ' 

‘xrs/h^+r^ so. units 
S^the whole surface “Jirl+w® sq. units 
7“ the volume of the cone » I-. 3rr®A. cubic units. 


EXAMPLES WORKED OUT 

e 

1. What is the length of one edge of a cube of which 
the total area of the surface is 346*56 sg. cm. ? [C> U. 1956] 
Let a be the length of an edge. 

6o®='346*56 or, «®=57*76 .*. a"7*6. c.m. 


2. The length, breadth and height of a closed box are 
12 in., 10 in., 8 in. in respectively and the total inner surface 
is 376 sq. in. if the walls of the box are uniformly thick, 
find the thickness. [C. U. 1958] 


Let x' be the thickness. ^ 


or, 


or, 


or. 


or, 


2[(12 - 2;tXlO - 2x)+(lJ - 2;t)(8 - 2x)+{S - 2x) 

I (12 -2a:) =376. 

8[(6 - a:)(5 - a:)+(5 - /X4 - a:) + (4 - ;c)(6 - a:)] = 376 


3a:®-30a:+74= 47 ’ 

3a:®-30a:+27=0 or, a:2-10a;+9-0 
(a:-lXa:-9) = 0 a:=l or 9. 

But X must be less than 4. 


The required thickness =T'. 

3. 'The area of the whole surface of a rectangular 
parallelopiped is 192 sq. cm. and its volume is 144 cubic cm. 
If the length of a diagonal be 13 cm., find the dimensions of 
the solid. [C. U. 1957] 

Let a, b, c be the length, breadth and height in cm. 

2(ab+bc+ca) = 192 ; afec=144 ; a®+6*+c® = 13®. 
(fl+6+c)* “(a® + 6® +c®)+2(<i&+ bc+ca ) *= 169+ 192= 361 
So, a+6+c*l9. 
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Again, a(Jb+c)+bc^96 or a{19—a)+^~=a96 

or, a»-iy+96a-144«»0 or, (a-12)(a-4)(a-3)-0 
a, the greatest side » 12 cm. 
fc=4 c.m. and c=3cm. 

4 . Find the volume and the la^al surface of a right 
prism 8 inches long standing on an issosceles triangle each of 
whose equal sides is 5 in. and the other side 6 in. 

[C. U. 1958] 

The area of triangle = J. 6 ^/ 5 * - 3 a =3x4 = 12 sq in. 

A volume = 12 X 8 = 96 cu.. in. 
the lateral surface =(5+5 +6)8 =128 sq. in. 

5. Find the volume of a pyramid of which the base is a 

triangle whose sides are 8 cm. 15 cm. 17 cm. and the height 
is 12 cm. J [C. U. 1957] 

The base is a right angled ^ [ V 17® =8^+15®], whose 
area -I. 8 X 15=60 sq. cm. 1 

the volume = J x 60 X 12 = 240 cm. 

6- A solid sphere of radius 4 inches is blown into 
a hollow sphere of uniform thickness, radius of whose 
external surface is 5 inches. Find the thickness of the hollow 
sphere. [ Given 61i = 3"94 ] [C. U. 1960] 

If Jc" be the thickness, 

ta:l5* -(5 — a?)®} = the volume of the solid sphere 
= Jw.4® 

.’. 5® -(5 — *)® =4® 

or, (5 -a;)® =125 - 64 = 61 
.-. 5- *=61^=3-94 
* = 5 — 3'94 = r06 in. 



16 


. SOUD OBOICBT&T 


7. A cubic inch of gold is drawn to a wire 1000 yards 
long } find the diameter of the wiitt nearest thousandth of 
an inch. [C. U. 1958] 

Let r be the radius of the wire, (whi^ is cylindrical 
in shape) 

3tr®x 1000x12 x 3=-!. 


’ w. 1000 x 9 31416x100 x 9x10 

•'* nearly = -006 in. 

8. A sphere and a right circular cylinder of the same 
radius have equal volumes. By what percentage does the 
diameter of the cylinder exceed its height J [C. U. 1951] 

Let r be the radius and h be the height of the cylinder. 


or, r— 


or, 


2r* 


3h 


Hence if Abe 100, d=f 4100=150 

the diameter exceeds the height by 50%. 

9. A right circular cone 20 feet high has its upper part 
cut off by a plane passing through the middle point of its 
axis. If the plane of the section be at right angles to the 
axis and if the radiuS of the base of the original cone be 
4 feet, find the volume of the truncated cone. [C.U. 1936] 

The height of the cone cut off= 10 ft. and the radius 
of its base =2 ft. 

The volume of the truncated cone = original volume 
— volume of the portion cut off=J:t (4^. 20 — 2®. 10) 
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Exercises 6 

I. Find the dimensiAs ol a rectangular block, 4f the area of 

its tot|bl surface^l300 sq. ft. and its length, breadth and height 
are in the ratio ¥13:2, \.Ans. 20 ft., 15 ft., 10 ft.] 

\ 2. A right prism stands on triangular base whose sides are 
17 cm., 10 cm., 9 cm. and the height is 10 cm. Find the volume 
and the whole surface. [C. U. 1940 ] 

[4ns.%60 c. cm. ; 432 sq. cm.] 

3. Determine the volume of a pyramid whose height is 
10 sfl ft. and which stands on a triangle of sides 16 ft., 11 ft., 9 ft. 

[ Ans. 420. cu. ft.] [ C. U. 1941 ] 

4. Find the volume of a pyramid 16 in. high which stands on 
a regular base measuring 15 in. bv 10 in. 

i Ans. 800 cu. in. ] [C. U. 1965] 

5. Find the surface and volume of a sphere whose radius is 
equal to 6 inches, correct to one place of decimal. 

{Ans. 452*4 sq. in. ; 1357*2 cu. in.] [C. U. 1954, ’60] 

6. Three solid spheres of glass whose radii are 1 cm., 6 cm., 
8 cm. respectively are melted into»a single solid sphere. Find the 
radius of the sphere so formed. ^ [Ans. ^ cm.] [C. U. 1958] 

7. The measure of the vollpae of a sphere is twice that of 
its surface. Find the radius of th^, sphere. 

^ [Ans. 6 in. ] [ 0. U. 1953 ] 

8. How many solid circular Cylinders each of length 8 in. 

and diameter 6 in. can be made out of the material of a solid 
sphere of radius 6 inches ? [Ans. 4 ] [ C. U. 1952 ] 

9. A cube and a sphere being of equal volume, find the ratio 
of the radius of the sphere to the side of the cube. [Ans. 31 : 50] 

10. Find the lateral surface and the volume of a right 
circular cone 15 ft. high, the radius of whose base is 8 ft. 

[Ans. 427t sq. ft. ; 1005f cu. ft.] 

II. Show how to draw a plane parallel to the base of right 
circular cone so that it divides the cone into two parts of (i) 
equal surface ; {ii) equal volumes, 

[ Ans. The plane divides the axis in the ratio (J) J2 —1:1 
and {ii) V2 -1:1] 

12. The stant height of a conical tomb is 85 ft. If its 
diameter is 56 ft. find the cost of constructing it at Ee. 1. 4 as. 
3 p. per cubic yard and also the cost of white washing its curved 
surfaces at 5 as. per 100 sq. ft. [.4ns. Bs. 808-8 ; Bs. 9 - 10] 
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ANSWERS ' 

CO-ORDINATE QEOMETAi^ 

Exercises 1 

1. (i) 3^/T0 (ii) Va*-t-6“ (“0 VUi+^a)* - 

2. 3±J 5 8f (^^¥) 

10. (i) 5 (ii) ai (iii) a“(it - <a)(<a ~ 

11. (i) 20i (ii) 96 14. (-*, If) 

Exercises 3 (A) 

1. (a) y-ic=l (b) ax-by=ab 

(c) y{tx+t 2 )- 2 x= 2 atxtit (d) y-^x=2 

2. a;-?/ -5=0 3. as — i/ s/3-2 a/3=0 

4. 52/-8a:=60 6. 202/-9a:=96 

6. (i) x+Zy+l=Q, 2/-3:?=1, y+lx=ll 
(ii) 2aJ-32/=4, y-3x=jl, x+2y=2 

7. y{a' ~ a) — x{b' - b)=a'b^ ab' 
y{a' — a)+x{b' - h)=c(ip' — ab 

9. 7a:+3?/=13 10. fl;-2y+8=0, -8 and 4 

11, (i) X cos 225°+}/ sin 225°= '/2 • 

« Length of perpendicular= s/2 

(ii) a; cos 2l0°+i/ sin 240°=7 „ ,, =7 

12. x-y+l=0 

Exercises 3 (B) 

1. 3i;+4i/+8=0 

2. (i) tan"*- # (ii) tan"*^ fo (iii) 90“ 

3. (i) 7a:+5y=7 (ii) 2a{y ~y')+y'{x-x')~0 

4. (a: -®i)(a !2 - Xa)+iy - Vi.)' 'Ja - ya)=0 

5. 2x(.a - a')+Mb - b>)=a^ - a'"+ 5'* - i® 
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6. 

(i) 

“ . aU 

'^3 

L mal 

(ii) ( 

\a+6 

ab \ 
a+bf 

8. 

(i) 

(Ir, ^ (ii) 

r6*<- 

L 

abp--ca 2 0 
+b‘ ’ 

ab< - 

9. 

43x 

1 - 29y=71 

10. 

®+y+2==o 


11. 

3»+4i/=5a 

12. 

23®+23y=ll 


14. 

(2. 

1) 

15. 

O 

II 

1 

CO 

-15 

16. 

«= 

CO 

II 





Exercises 3 (C) 

1. (a) (i) x-2y + l==0, (ii) 2a!+i/=3 

(b) (i) a:(2-^/2-3)+2/(^/2-l)=4 j2-5 

(ii) *(2 j2+S)+yW2+l)=i ^ 2+5 

2. 4| ^ 6. ^ 6. {l{b± Ja^+b^), o} 

7. 8. 4i 12.^2a;-6j/=l or, 6a:+2j/-5=0 

Exercisjps 4 
1. (a) Centre (2,4) radiu8=^61 


(b) ,. 

(2,2) 

.. ='«y2 

(c) 

(i. h 

1 . =Vt? 

(d) „ 

(g. -/) 


(e) 

(-3, 4) 

.. =7 


2. (a) 3®’*+3i/®-29a;-19y+56=0 

(b) K®* +!/*) - (a® +i“)®+(« - 6)(a® +6*)=0 
(o) 4«*+4j/* - 142«+47y+138=0’ 

(d) a:®+t/*-22a:-4j/+25=0 
4. - 3»-4tf=0 6. ±2<*» ± 26y+a*=0 

6. 6(<B*+i/»)=a:(6*+c*) 7. (aj-2)(a!-5)+(!/-3)(»-6)=0 

9. aj*+i/*-2iB-2y+l=0 11. »*+y*±2v'Sy-4®“0 

12. «*+y*±6«/2y-6a!+9=0 IS. ®*+y* - A» -fty=»6 
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14. ®*4-j/*+8a! - 10y+16=0 

15. »*+y*+8a-10y-89=0 

16. 6»-12j/=152, 24®+10!/ + 1 

17. x+2y=‘±2V5 

18. 4®+3{/+19=0 and ix+3y — 31=0 

21. #22. Aa+B5+c= ±c-v/a®+B® 

23. »+5=0 I/- 2=0 

25. c(Z®+»i*)+n® - - 2fmn — 2gnl=Q 

g^+fm - n=0 

Exercises 5 

1. 16a;“+^“+8®^ - 74® - 78^+212=0 

2 . {ax - byY - 2a»a - 26®2/+a*+a**i® + 6*=0 

3. (i) ( - 1, 2). y=2, 4, (0. 2) (li) (1, 2), y=2, 4, (0, 2) 

4. 4y=3®+12, 4j/+4®=34 j 

5. y-x=3, y+x=9 , x+y+3=0, x-y=d 

8. (8».3|v3«)(“, --^3^.) 

9- (ff, 0 ) 10 a;®+4v® - 4a;^-h4a?+2^/ - 1 = 0 

11, (0.1) 12. (”, J-) 

14. 16»-12?/+3=0 (tV i) 

15. (i) my=x+am^, y+mx=2am+am^ 

Exercises 6 

1. (a) foci (±4, 0), fc=4, 4®=±25, 

(b) e-ig foci (±3;5r’'’) 

2. 20®*+36i/*=405 3. 4»®+9t/*+16»- 5i/+6i=*0 

4 5. 8a*+9i/*=1152 
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6. 7a?® + 2a;i/ + 72/» + 10a?- 162/4-7=0 

7. ®4-3i/=5, 9®-^j/“5=0 

8. ±Jlx^V = \Q, ±4iB+ 1/^7= In/7 

10 y=^x±\VW 11. 2iB+3y-6==0, 9®-6v-U = 0 

12. y=2x± n/? 13. ±|, ±’‘^^ 

14. 25a:*- 1442/»=90° 15. 6^® - 362/“ = 441 

16. (6, 4) (± 13. 0 ) 2| 17. 24^ - 30a:= ± n/TBT 

18. ai+2j/=dr2 72 19. if (+13,0) 

20 . 5jB®-42/®-20a!+24y-36=0 

22. X - 3i/+2=0 ( - 1. 4), x-^y- 2=0 (1, - f ) 



CALCUTTA UNIVERSITY QUESTIONS 
1958 


[In the following questions, assume the axes as rectangular,] 

1. {a) Prove that the lines joining the mid-points of opposite 
sides of any quadrilateraj^iseot each other. 

(6) Show that the points (a, 6 4-c), (6, o + a), (c, a + 6) are 
'Collinear. 

2. (a) Find the equation of the line bisecting the join of (2a, 
26), (2c, 2d) at right angles. 

(6) If Pi and pg be the perpendiculars from the origin upon 
-the straight lines 

03 sin 0 + p cos 0 = J a sin 20 
and 03 cos 0 - p sin 0 = a cos 20, 

prove that 4pi ** + pg ^ 

8. (a) Find the equation 5f the circle described on the 
diameter whose end points hej^e the co-ordinates (fl3i, 2 / 1 ) and 
(^2 1 1/2)* 

(6) Find the equations of the tangents to the circle + 2 /® 
= 25 parallel to the line 803 + ^ « 0. 

4. (a) Obtain the equation of the parabola whose focus is 
^t the point (3, - ‘/) and whose directrix is the •straight line 
2x - 2 / + 3 = 0. 

ax 61/ 

Prove that the straight line *0 

o ^ 

2 2 

iihe ellipse ^ ^ = 1, if = a®c®. 
a 0 

5. (a) The length, breadth and height of a closed box are 
12 in. 10 in., and 8 in. respectively and the total inner surface is 
376 sq. in. ; if the walls of the box are uniformly thick, find the 
thickness. 

(b) A cubic inch of gold is drawn into a wire 1000 yards 
long ; find the diameter of the wire to the nearest thousandth 
if an inch. (w “8*1416) 
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1959 

1. (a) Find the arft. of the triangle, the co-ordinates of 
whose angular Joints are (x^, Pi), (x 2 t I/ 2 ) ttnd (xgt l/s)* 

(b) If t^ points (a, 6), (a\ 6')» (a - a', 6 - 60 are oollinear, 
show that ab' = a'b, 

2 . (a) Find the length of the perpendicular from a given 
point upon a given straight line. 

(6) Prove that the sum ot tue squares of the perpendi- 
culars from the origin upon the lines. 

X sec a + y coseo a = 2a, x cos a + y sin a- a cos 2a is 
independent of a, 

8. (a) Find the equation to the circle which passes through 
the points (0, 0), (6, 0) and (0, 8). 

(6) Find the equation to the chord of the circle a?® +y^ 
= 81, which is bisected at P (~2, 3). 

4. (a) Find the equation of the tangent to the parabola 
1 /® = 4a» at any point (a?', y') upjn it. 

(6) Find the point of the paiabola 1 /® = 8®, at which the 
normal is inclined at 60® to theWxis of the parabola, 

6. (a) Write down (without* proof) the expressions for the 
volumes of (i) a right prism, (it) ^riangular pyiamid and (ttt) a 
right cone, 

(6) ^jnd the volume of the pyramid of which the base 
is a triangle whose sides are 8 cm., 15 cm., and 17 cm , and the 
height is 12 cm. * 


1960 

1. (a) Find the co-ordinates of the point which divides the 
traight line joining (aji, 1 / 1 ) and (a^a, i/j,) internally in the ratio 
n : n. 

(6) The side JBC of a triangle ABC is divided internally 
iit D^m the ratio n : m and the line AD is divided internally at 
? in the ratio m + n : 1. If the co-ordinates of the angular 
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pointsll^, B, 0 be (xi, p--)- (x»-. ««) and nfmamiiv ai^v TiTin 

iho co-§^inates oi O. 

2. (a) Find the angle bet^en the straight Une^ . 

035 + 6^+^ ** 0. 

B>ni a'x + b'v'ktf ^0 

(6) Find the equation of the yibsmug uuiru^u 

ijhe interseotion of a? + 2i/ “ 0 and y + 4fl5 -i- 7 = 0 and perpendlht^r 
to the straight line 2x-y ^0. 

3. (a) Find the equation of the tangnet at any point (a;', yO 

of the circle ^hoae eqtetion is + + 2gx + 2/y + c = 0. 

(6) ^Show that y = ma; is a tangent to the circle 

a;® + y* + 2^a5 + 2/y + C — 0 if (y + wi/)® = c(l + m®). 

4e (a) Find the equation of the normal at the point (aji, yj) 
“to the parabola y® = 4:ax» ^ 

ib) Prove that the line 2a;+4y“9 is a normal to the 
parabola y®=8a:, and find the co-ordinates of the point of the 
^parabola at which it is the normal. 

5. (a) Find the surface and vplume of a sphere whose radius 
ds equal to 6 inches, correct to one place of decimal, (tt* 3*1416). 

(b) A solid sphere of radius 4 inches is blown into a 
hollow sphere of uniform thickness, radius of whose external 
surface is 5 inches. Find tl^ thickness of the hollow sphere, 

^iven 61^=3’94. 








